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Chapter 1

Discrete Markov chains

1.1 Random paths; stochastic and Markovian dy-
namics

Recall: An S-valued random variable X (where S is a space of possible outcomes)
models the random choice of an element in S. We will focus on the case where S
consists of paths x = (x4) in some state space So. Here, x; is the state at time ¢,
and time may be modelled either as discrete or continuouos.

A stochastic process is thus a random variable taking its values in a path space S.

In later chapters, we will turn to continuous time and look e.g. at continuous
real-valued paths. In the present chapter we will concentrate on discrete time and
discrete state space — many important concepts will become clear already in this
case. Thus, in this chapter our path space will be of the form § = Sg”, with Sy
some finite or countable set.

In order to specify the distribution of our random path X = (Xg, X1, ...) within
some probability model, we will have to agree, for a reasonably rich class of subsets
B of S, on the probability of the event {X € B} (read “X falls in B”). A reasonable
and intuitive procedure for this is to tell how to start and how to proceed. In other
words, we are going to specify an initial distribution and a stochastic dynamics.
Now then!

Let u be a probability measure on Sy (given by the nonnegative probabil-
ity weights p(zo),z0 € Sp), and let, for each n € Ny and zg,...,z,—1 € So,
P,((zg,...,2zn_1),.) be probability weights on Sj.

Imagining that P,((zg,...,Zn—1), ) should be the conditional probability of
the event {X,, = x,}, given {(Xo,...,Xn-1) = (zo,...,2n_1)}, it makes perfect
sense in view of the multiplication rule to define

P[(Xo,...,Xn) = (20, ...,2n)] := pu(xo)Pr(zo,21) ... Pn((z0, ..., Tn-1),zx(1.1)
The Lh.s. of (1.1) can be written as P[X € By, . ], where

By, = {(z0, ... xn)} x ST C g (1.2)

.....

A theorem due to Ionescu-Tulcea tells us that (1.1) uniquely extends to a probability
measure B — P[X € B|, B € §, where § is the o-algebra generated by all sets of
the form (1.2).

Little can be said on interesting properties of X on this level of generality. There
is, however, a rich theory for time homogeneous, Markovian stochastic dynamics,
where

P,((zoy - y@Tn-1),Tn) = P(Tn_1,%n) (1.3)

3
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for a stochastic matriz P = P(y, z), y, z € Sp, i.e. a matrix with nonnegative entries
and each of whose rows sums to one.

In the following, we will consider a time-homogenous Markovian dynamics (given
by a stochastic matrix P on Sy) as fixed, and vary the initial distribution g, which
we wrte as a subscript to P:

P,[(Xo,....Xpn) = (z0,...,2n)] = p(xo)P(z0,21) ... P(xn_1,2p). (1.4)

We call a random path X with distribution given by (1.4) a Markov chain with
transition matriz P and indtial distribution p (or Markov-(u, P)- for short).
For a deterministic start in z € Sy, i.e. u = 9d,, we write Ps, =: P for short.
It is elementary to verify the so called Markov property: For all zg, ..., z, € So
with P#[(Xo, c.. ,Xn) = (Z(), ey Zn)] >0

PL[( X, Xoin) = (0, 2) | (Xos- .. Xn) = (20, - .. 20)]
ZPzn[(Xo,...,Xh)Z (,To,...xh)]. (1.5)

This extends to
Pu[(XnaXn—i-lu .. ) €B | (XQ, .. Xn) = (ZQ, . Zn)] = Pzn[(Xo,Xl, .. ) € B]

for all B € S. In other words, conditional on {X, = z}, (Xn1k)k>0 is Markov-
(6., P) and independent of (Xo,...Xp).

1.2 Excursions from a state; recurrence and tran-
sience

The path of a Markov chain “starts a new life” (independent of its past) given its
present state not only at a fixed time n, but also at certain random times read off
from the path, e.g. at the so called return times to a fixed state z.

For z € Sp, we put R, := R! :=inf{n > 0: X,, = 2}, and call it the first passage
time of X to z. For paths starting in z, we speak also of the (first) return time to z.
Using the convention that the infimum of the empty set is co, we observe that the
event { R, = oo} equals the event that X never returns to z. Write X* := (Xy)k<r.;
in case Xo = z, we call it (the first) excursion of X from z. We say that X* escapes
from z if R, = oo.

Now let X! X#2 . . be independent, identically distributed (“i.i.d”) copies
of X% under P, and let L be the smallest integer for which X* escapes from
z (we put L = oo if all of the X** return to z). By “piecing together” the
X#t X%2 . X%L in case L is finite, and all the X*!, X#2 ... in case L is in-
finite, we arrive at a random path Y whose distribution is the same as that of X
under P,.

Obviously, L can be viewed as the waiting time to the first success in a coin
tossing experiment with success probability P.[R, = oo]. Such a waiting time is
finite iff the success probability is strictly positive. In this case, i.e. if P,[R, =
oo] > 0, we call the state z transient. Otherwise, i.e. if P,[R, < 0] = 1, we call
the state z recurrent.

In a coin tossing experiment with success probability p, the expected waiting
time to the first success is 1/p (check!), hence it is finite iff p > 0. This, in turn, is
the case iff the (random) waiting time to the first success is finite a.s.

Coming back to our picture of excursions from z, and writing

V(z)=#{n>0: X, =2} => Iix, s

n=0

for the number of visits in the state z of the path X, we see that we have proved
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Proposition 1.2.1 : Let z be a state in Sp.
(i) z is recurrent < P,V (z) = 00| = 1 < E,[V(z)] = cc.
(i1)z is transient < P,[V(z) < 0] =1 & E,[V(2)] < o0.

Can it happen that some state is transient, whereas another one is recurrent?
Yes, as the following simple example shows:

So = {0,1}, P(0,0) = P(1,0) = 1.

Here, state 1 ist transient and state 0 is recurrent. Note however, that state 1
“cannot be reached” from state 1. Let‘s make precise what we mean by this.

Definition 1.2.1 For two states y,z € Sy we say that z can be reached from y if,
for some n >0, P"(y,z) > 0.

Here, P™ denotes the n-th power of the stochastic matrix P, defined inductively by
Py, z) == 0dy,z, Pt == P, P"(y,2) = 3, P""!(y,z) P(a, 2).

Remark 1.2.1 Fory # z, z can be reached from y iff Py[R. < co] > 0. Indeed,
forn>1,
P*(y,z) =Py[X,, = 2] <Py[R, <n] <PyR, < o0,

and conversely,

P,[R, < ] = P,[X,, = z for somen > 0] < Z P"(y, z).
n>0

The next lemma states that no transient state can be reached from a recurrent
one, and that reachability is in fact an equivalence relation on the recurrent states.

Lemma 1.2.1 Assume y € Sy is recurrent, and z € Sy can be reached from y.
Then

a) Py[V(z) =c0] =1

b) y can be reached from z

¢) z is recurrent.

Proof. a) The random path X visits z in every excursion from y with positive
probability, and, since y is recurrent, there are infinitely many trials.

b) Assume y cannot be reached from z. Then, starting from y, X would reach
z with positive probability and afterwards never return to y, which contradicts the
recurrence of y.

¢) Starting from z, X hits y with positive probability, and from there it has, in
each of its infitely many independent excursions, the same positive probability to
visit z. Hence P,[V(z) = o0] > 0, and z is recurrent. O

The previous lemma implies that Sy can be partitioned into its subset of tran-
sient states and an at most countable number of so-called irreducible recurrent
components, all of which consist of mutually reachable recurrent states.

Definition 1.2.2 We call Sy (or, more ezxactly, P), irreducible recurrent if any
two states can be reached from each other, and one (and hence any) state in Sy is
recurrent. (In other words, Sy is irreducible recurrent if it consists of exactly one
irreducible recurrent component.)
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1.3 Renewal chains

The following class of examples will be basic for what follows.

Take N as the set of states, and consider a transition matrix p = (p; ;)i jen on
N with the property p;;—1 = 1 (i > 1). The dynamics of the corresponding Markov
chain Y can be described as follows:

Y moves down to 1 “at unit speed”; after having reached 1, it jumps to k& with
probability p; . Think of Y as the residual lifetime of a certain device. When it
expires, the device is replaced by a new one; all the lifetimes are independent copies
of the return time Ry under P; (note also that P1[R; = k] = p1 1,k > 1). Having
this picture in mind, we call Y a renewal chain (with lifetime distribution (p11)).

Obviously, the state 1 is always recurrent. What about all the other states? If
there are arbitrarily large £ € N such that p; ; > 0, then p is irreducible recurrent.
If, on the other hand, K :=sup{k : pi1,x > 0} < oo}, then all £ > K are transient.
However, in this case (p; ;j)1<i,j<k is an irreducible recurrent stochastic matrix.

1.4 Equilibrium distributions
Definition 1.4.1 A probability measure ™ on Sy is called an equilibrium distribu-
tion for P if

TP =m.

This is equivalent to the distribution of X under P, being time-stationary (or
invariant under time shift):

P,T[(Xo,Xl,...)E']:Pﬂ-[(Xn,Xn,...)E'], ,n € N.

Does there exist an equilibrium distribution, v, say, for the renewal chain with
transition matrix p as described in Subsection 1.3?7 This amounts to require

Vi = Vij41 + V1P1,i, = 1, 2, NN (16)

Summing this fromi=1toi =k — 1 we get

k—1
Vgt =1 ZPM
i=1
or equivalently
o0
Vi =11 Zpl’i ZVlP[RZ k], (17)

i=k
where R is a random variable with P[R = j] :=p1;, j=1,2...
Summing this from k = 1 to oo, we arrive at

1=V1§:P[Rzk] = uliZP[R:j] :uliZP[R:j]

k=1 k=1j>k J=1k<j

= n Y jP[R=j]=nER
j=1

This can be satisfied iff ER < oo, i.e. if the ezpected return time to 0 is finite when
starting from 0. In this case we have the fundamental identity

1
= — 1.8
" =gg (1.8)
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which has a very intuitive interpretation:

In a renewal chain, the equilibrium weight of state 1 is the inverse of the expected
duration of an excursion from 1.

We will soon see how (1.8) extends to general discrete state spaces: all we have
to require is, apart from irreducibility, that the expected return times are finite.

To prepare this, let us state a simple

Proposition 1.4.1 a) If z is transient, then E,[V(z)] < oo for all y € Sp.
b) If w is an equilibrium distribution and 7(z) > 0, then z is recurrent.

Proof. a) We may assume y # z. Then
E,[V(2)] = Py[R, < ] - E;[V(2)] < cc.

b) Assume z were transient. Then, because of a),
ZP"(y,z) < oo forall y € Sp.
n=0

A fortiori, P"(y,z) — 0for ally € Sp. Because of dominated convergence (see
Lemma 1.4.1 below),
> w(y)P (y,2) — 0. (1.9)
yESo

But the Lh.s. of (1.9) is for all n € N equal to m(z)~0, which is a contradiction. O
We have to append

Lemma 1.4.1 (Dominated convergence, discrete case) Let m be a measure on Sy
(given by the nonnegative weights m(y), y € So), and let g : Sy — Ry be m-

integrable, i.e. > g(y)m(y) < oo. In addition, let f, be a sequence of real-valued
yESo
functions on Sy which is dominated by g (in the sense that |f,| < g for all n) and

which converges pointwise to some f. Then

Y faly) = f@)Im(y) — 0

yESo

and a fortiori

> fayymy) = D fy)m(y).

YyESo y€So

Proof. For given € choose a finite K’ C Sy such that Y ¢(y) <e. Then
yEK

limsup Y | fu(y) = f(W)|Im(y) <limsup > |fa(y) — f(y)lm(y) + 2¢ = 2¢.

y€So yeK
O
Remark 1.4.1 Let w be an equilibrium distribution on Sy, and let C1,Cs, . .. be the

irrudicible recurrent components of Sy. If, for some i, w(C;) > 0, then also w(.|C;) is
an equilibrium distribution (check!), and m has the so-called ergodic decomposition

T= Y w(Cn(|C)

i (Ci)>0

We say that 7 is ergodic if it is concentrated on a single irreducible recurrent com-
ponent.
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Theorem 1.4.1 For an ergodic equilibrium distribution m and any state z such
that w(z) > 0,
1

Proof. First note that by the assumed ergodicity of m and because of Lemma
1.2.1.a), P-almost all paths X visit z infinitely many often. For such paths, define
T, 1 as the time of the k-th visit to z, and put Yy, :=inf{T, , —n : Tpp >n, k>
1}. Then under P, Y = (Y,,) is a time stationary renewal chain whose lifetime
distribution equals the distribution of R, under P,. Since n(z) = P,[X = z] =
P.[Xo = z] = P,[Yo = 0], the assertion follows from (1.8). O

Corollary 1.4.1 An irreducible recurrent Markov chain has at most one equilib-
rium distribution. If it has one, then all states z are positive recurrent, that is
E.[R.] < cc.

What about existence of an equilibrium distribution in the positive recurrent case?
The situation is as nice as it can be: for fized z, the expected number of visits in
y in an excursion from z, divided by the expected duration of the excursion, is an
equilibrium distribution! (Because of Corollary 1.4.1, this is then the equilibrium
distribution.)

Well then! For fixed z € Sy, we put

R
ma(y) = Ba) Iix, =) (1.10)

This defines a measure on Sy whose total mass m,(Sp) = E,[R,] is finite iff z is
positive recurrent.

Theorem 1.4.2 Assume z € Sy is recurrent. Then m, is a P-invariant measure,
that is, for all y € Sy
> ma(@)P(x,y) = m.(y)- (1.11)
x€ Sy

. . . g 1 . . . .
In particular, if z is positive recurrent, then TGy M. = TS the unique equi-

librium distribution, and for all m-integrable f : Sy — R, that is, for all f with
2 Nf@)lr(y) < oo we have

R
> F(Xn)

Proof. Since z is recurrent, under P, we have R, < oo and Xo = Xp, = z with
probability one. Therefore, it makes no difference if we count the visit to z at the
end or at the beginning of the excursion, and so we have for all x € Sy

E. =E.[R.] ) ()7 (y). (1.12)

YESo

R, %)
ma(2) =E:[Y Iix, ,—o)) = Y P:[Xn1=2,n< R
n=1 n=1

Noting that the event {R, > n} depends only on Xj,..., X,,—1, we observe, using
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the Markov property at time n — 1,

Z ZPZ[Xn—l =z,n < RZ]P(x7y)

x n=1

Zmz(I)P(I,y)

= ZiPz[Xn—1:x7X’ﬂ:y7n§Rz]

r n=1

= ZPz[Xn:yvnng]
n=1

R,
Z I{Xn—y}] =m.(y).
n=1

Thus, m, defined by (1.10) obeys (1.11). If z is positive recurrent, then m,(Sp) =
E.[R.] < co. Hence, because of Corollary 1.4.1, mmz =: 7 is the equilibrium
distribution. For f := 1¢,;, € Sp, (1.12) is clear; for general m-integrable f, (1.12)
follows by linearity. O

= Ez

1.5 The ergodic theorem for Markov chains

The next result is intimately connected with the law of large numbers which we
recall first.

Theorem 1.5.1 (Strong law of large numbers) Let Z1, Zs, ... be i.i.d. real-valued
random variables with finite expectation p. Then

Bl

k
Z Z; — u  almost surely as k — oo.
j=1

In words: The “empirical mean” (i.e. the arithmetic mean of Zi,...Zx) con-
verges (as k — oco) with probability 1 to the “theoretical mean” (i.e. the expectation

1)

Theorem 1.5.2 Assume P is irreducible and positive recurrent, and denote by T its
equilibrium distribution. Let f : So — R be w-integrable, that is ), |f(y)|m(y) < oo.
Then for all z € Sy,

n—1

1 n—oo
— X;) — P, almost ly.
TSI "SF S f0n) P alnost oy

In words: For any (reasonable) real-valued function f defined on the state space,
the “time average” (i.e. the arithmetical mean of f(Xy),..., f(X,—1)) along the
path converges a.s. to the “space average”, i.e. the expectation of f(y) with respect
to the equilibrium distribution concentrated on the respective component — provided
this equilibrium distribution exists.

Proof: It suffices to consider the case f > 0 (write f as the difference of its

positive part fi := sup(f,0) and its negative part f_ := —inf(f,0)). We first
consider the random sequence 17,75, ... of the first, second, ... return time to z
Ty—1

and put Ty := 0. Then > f(X;) is the sum of k i.i.d. random variables, each with
i=0
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expectation E;[R.]>° f(y)7(y) (by theorem 1.4.2), Thus we obtain by the law of
large numbers

1 Tp—1

- > F(X) — E:[R.] Y f(y)r(y) P.as. ask — oo.

=0

On the other hand, also T}, is, under P, the sum of k i.i.d. random variables, each
with expectation E,[R.]. Hence, again by the strong law of large numbers,

T
f — E[R,] P, as. ask — oo, (1.13)
and therefore
] Tl
T S X)) — > fy)nly) P.as. ask— oo (1.14)
i=0 y

Put K(n) := max{k : Ty < n}, that is, K(n) is the number of returns up to
(and including) time n (note also that K(n) = > I{x,—.}). Obviously we have
i=1

TK(n) <n< TK(n)+1 and
K(n) - o0 P,as asn— o0 (1.15)

because of the assumed recurrence.
We then have

Tr(ny—1 1= 1 Tk (n)y+1—1
f(Xi) < = F(X5).
TK (n)+1 ZZ; n ; TK(n) ;

Noting that Tk (n)/Tkn)+1 — 1 P. a.s. as n — oo because of (1.15) and (1.13),
we infer from (1.14) that both the the Lh.s. and the r.h.s. converge to >, f(y)m(dy)
P. a.s. Hence the claim follows. O ‘

1.6 Convergence to equilibrium

If 7 is an equilibrium distribution, does P,[X,, = z] = P™(z, x) converge to 7(z) as
n — oo for arbitrary initial states z ?
There are simple counterexamples. Perhaps the simplest is

SO:{Oal}v P(O,l):P(l,O):l
Then 7(0) = (1) = 1, P27(0,0) =1, P2?"*1(0,0) = 0. But in fact this kind of

periodicity is all what2 can cause troubles.

A state z is called aperiodic for P if P"(z,z) > 0 for some n € N and if the greatest
common divisor of {n € N: P"(z,z) > 0} is 1. A transition matrix P is called
aperiodic if all states have this property. Let us state the following elementary
lemma from the realm of “discrete mathematics”. We leave its proof as an exercise

(see, e.g. Appendix 1 of P. Bremaud, Markov Chains, Springer 1999)

Lemma 1.6.1 Let K be a nonempty set of positive integers which is closed under
addition. Then the greatest common divisor of K is 1 iff N\ K is finite.

Corollary 1.6.1 : a) z is aperiodic iff P"(z,2z) > 0 for all sufficiently large n.
b) If Sy is irreducible and some z € Sy is aperiodic, then all states in Sy are
aperiodic.
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Proof: a) Put K := {n € N | P"(z,2) > 0} and note that K is closed under
addition.
b) For some k, [, and all sufficiently large n we have

PHHEER (y ) > PR(y,2) - P (2,2) - Pl(z,9) > 0. O

Theorem 1.6.1 Let P be irreducible and aperiodic, and suppose that P has an
equilibrium distribution . Let p be any distribution. Then P,[X, = z] — 7w (z)
as n — oo for all x. In particular,

P (z,x) — w(x)  for all z, .

Proof: We follow the book of J.R. Norris (Markov Chains, Cambridge University
Press 1997). The proof uses the idea of coupling, which goes back to Wolfgang
Doeblin, who died as a soldier in World War II in his twenties. Intuitively, the trick
is as follows: Take a chain Y which starts in equilibrium 7 and is independent of X.
First follow X, wait until X and Y meet, and from this time proceed with Y instead
of X. Then the distance from the distribution of X, to m can be estimated by the
probability that X and Y haven’t met by time n. To make things still simpler, let
us wait till X and Y meet at some predescribed state b, i.e. we put

=inf{n>1:X, =Y, =0b}

We claim that P[T < oo] = 1. Indeed, the process W,, = (X,,Y,) is a Markov
chain on Sy x Sy with transition matrix

P((m,y),(u,v)) = P(x,u)P(y,v)

and initial distribution
fi(z,y) = p(x)7(y).
Since P is aperiodic, for all states z,y, u, v we have
P™((x,y), (u,v)) = P™(x,u)P"(y,v) > 0
for all sufficiently large n, so P is irreducible. Also, P has an invariant distribution
given by
(x,y) == 7(x)7(y)

(check!) so by Corollary 1.4.1, P is positive recurrent, and the claim follows.
Let us now put

7 _ X, ifn<T
"l Y, ifn>T

It is rather clear that Z is (p, P)-Markov. Here is a formal argument. For j > k,
P[(Zo,...,Zk) = (x0,...,2x); T = j]| = Pl(Xo, ..., Xk) = (zo, ...,z ); T = 4]
and for j < k,

[(Zo,...,Zk) = (:vo,...,xk)

P[(Xo,...,Xj):(,To,...?xj),(}/], Yk) (xj,...,xk);sz]
[(Xo,. ..,Xj) = (Io,. ..,IJ), ] (xj,:zj+1) .. .P(xk,l,xk)
[( );

"ﬂ
1l

Now sum over j to see that (X, ... Xy) and (Zy, ... Z) have the same distribution.
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We therefore have for all B C S

|P[X,, e B]-n(B)| = |P[Z,€ B]-P[Y, €B]|
= |P[X,e€B;n<T]+P[Y, € B,n>T]-P[Y, € B]|
= |PX,eBn<T]|-P[Y, € B;n<T]|

Pn<T]—0 asn— oo,

IN

sinceT < oo P a.s

1.7 Optimal Stopping

Let f be a nonnegative function on Sy, and think of f(z),x € Sy as the state-
dependent payoff you receive when stopping in z. You are allowed to specify
your stopping rule, in terms of some finite stopping time 7. Recall that this is
a Zy-valued random variable T = T(X) such that {T = n} depends only on
(Xo, Xl, . ,Xn) for all n.

The expected payoff when using T' and starting in z is Ez[f(X7)]. The task is to
maximize this. Question: What is the value

v(x) = sup B, [f (X7)] (1.16)

where sup extends over all finite stopping times 7. And what about the best

T
stopping rule ?
Clearly, v > f, since T = 0 is a stopping rule. Intuitively, we would expect that
a best stopping rule, whenever it exists, should be of the form

T="Tc,
where C' is some subset of Sy, and T¢ is the first hitting time to C, i.e.
Tc:=inf{n>0: X, € C}.

Assume that v(z) = E,[f(Xr1,)], for some C' C Sy. Then a "first-step decomposi-
tion” shows that, for all = ¢ C,

v(z) = > Pz, y)v(y) = Pu(z),

YESo

Moreover, we claim that
v>Pv onS (1.17)

(we say that v is superharmonic on Sy).
Indeed, let us consider the stopping rule “first go one step according to P and
only afterwards stop when reaching C”. This cannot be better than T, hence

v(z) 2 Eu[f(Xiy1o((x1,%0...0))] = B [Ex, [f(X10)]] = Eg[o(X1)] = Po(x).
Recalling that v > f, v > Pv and

v(z) = f(zx) forx e C (in other words, C' C {y: v(y) = f(y)})
v(z) = Po(x) forzé¢C,

we observe that
v = max(Pv, f),



CHAPTER 1. DISCRETE MARKOV CHAINS 13

In particular,
v=Pv on{v>f} (1.18)

(we say that v is harmonic on {v > f}).

Because of C' C {v = f}, the path enters {v = f} not later than it enters C,
and as soon as we are in {v = f}, we can’t do better than stopping immediately.
So why not try T(,—y}, the first hitting time of {y : v(y) = f(y)}, as a stopping
rule 7 All we have to show for this to work is

v(z) = Ex[v(Xr,_,y)], T € So. (1.19)

What will help us is (1.18), saying that v is P-harmonic outside of {v = f}.
Put Y, := v(X,,). Because of the Markov property we have

Eo Vo1 | (X0, X1, 0, Xn) = (@0, Tn)] = Y Pl@n, y)v(y).

Hence, using (1.17) we have
E.[Yoi1 | (Xoy.. . X)) = (o, .oy 20)] < o(zp)
This we write briefly as
E:[Yoq1 [ (Xo, ..., Xp)] S0o(Xn) =Y,

We say that Y = (Y,,) is an X-supermartingale: Y is "adapted to the past of X”
(here in fact even to the present), and the conditional expectation of Y;,11, given
the past of X up to time n, is less or equal Y,,. Now let us "stop” Y at Ty,—yy,
putting

M, = AT (y—¢} *

By considering separately the events {T,—s} < n} and {T(,—s} > n} and using
(1.18), it is easy to verify that

E.[My11 | (Xo,...Xpn)] =M,

We say that M = (M,) is a martingale. Later we will treat martingales more
systematically, and we will prove the important ”stopping theorem”:
Let 7 be an a.s. finite stopping time. Then

a) For any non-negative supermartingale Y,
E[Y;] < E[Y;]

b) For any bounded martingale M,

E[M,] = E[M,).
Putting 7 := Ty,—s} and M, := M,, b) translates into (1.19).

All we did henceforth was starting from the hypothesis of a best stopping rule of
the form T = T¢. Let us now, without this hypothesis, deduce the following result
on v given by (1.16)

Theorem 1.7.1 :
a) v is the smallest superharmonic majorant of f

b) v =limuw, , where vy := f,vp41 := max(vy,, Pvy,)
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¢) v=max(Puv, f) (and in particular, v is harmonic on {v > f}.
Proof:

a) (i) Any superharmonic g > f is even > v. Indeed, for any stopping time T,
by the stopping theorem:

Now take sup on the r.h.s
T
(ii) v is superharmonic:
Let T™ be a sequence of stopping times such that for all =
E.[f(X7n)] T v(z) asn — oo
Consider the stopping time T := 1 + T"((X1, X2, ...)) Then
v(x) 2 Eo[f(X7.)] = Eolf (Xigrm((x1,x0,..)]
= EEx,[f(Xr)]] T Eifv(X1)]
by monotone convergence. The r.h.s., however, equals Pv(x).
b) Let us show that ¢ := limw,, is the smallest superharmonic majorant of f:
i) ¥ exists since v, T
ii) © is superharmonic, since by monotone convergence

Py = lim Pv, < lim v,4+1 = 0.

n—oo n—oo

iii) Let f < ¢ and g be superharmonic. We show v,, < ¢g by induction. This
holds for n = 0, since vg = f. The induction hypothesis v, < g implies
Pv, < Pg < g, since g is superharmonic. Hence v, 11 = max(v,, Pv,) <
g. Letting n tend to oo, we obtain v < g.

¢) By induction we show
v, = max(f, Pvp_1) :

n=1: v =max(f, Pvyg) = max(vg, Pvg)
n—n+1:v,11 = max(v,, Pv,) = max(f, Pv,_1, Pv,) = max(f, Pv,)
Letting n — oo , we obtain from b): v = ¢ = max(f, Pv) = max(f, Pv).

Let us now assume that
Tiy=py <00 P, as. (1.20)

and that f is bounded.
Then also v is bounded, and the stopping theorem for martingales implies

U(‘T) = EI[’U('XT{y:f} )] = Em[f(XT{v:f})]a

hence Ty,—ry is an optimal stopping rule. Moreover, if there is any optimal stop-
ping rule 7', then (1.20) is automatic. Indeed, in this case we have, since v is a
superharmonic majorant of f:

v(x) 2 Eq[v(X7)] 2 Eo[f(X7)] = v(2).
Hence E;[v(X7)] = Ei[f(X7)]. Together with v(Xr) > f(Xr) this implies
v(X7) = f(X7) P, as.
Hence X7 € {v= f} P, as., orin other words
T{v:f} <T P, as.
Thus, T{,—y} is the smallest optimal stopping time.
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1.8 Renewal chains revisited

Let us recall our picture of renewal chains. We fix a probability distribution ¢ on N
and imagine a path moving down the nonnegative integers one by one. Whenever
the path hits state 0, God throws a die whose outcome R has distribution p, and
resets the state in the next step as R. In this way we obtain an N-valued Markov
chain with transition matrix (p; ;) given by

Dii—1 =1 1> 1

P1,5 = 0j j:1727
Let us now keep track not only of the current state y but also of the length of the
excursion we are curently in. What is its equilibrium (resp. limiting) distribution?

The stochastic dynamics which describes the joint evolution of the current total
excursion length ¢ and the residual lifetime j is given by

{ (¢,y) — (L,y — 1) with prob. 1 (
1

1
(k,1) — (£, 0) with prob. p1, (k, (1.21)

With a similar proviso as in Subsection 1.3, this dynamics is irreducible recurrent.
The conditions on the weights v(¢,y) of an invariant measure v are

V(f,f) = i V(kv 1)]91)[ 3 l 2 1

=1 (1.22)
v(ly) =v(ly+1) , 1<y<d

The condition that v has total mass 1 is

1= )Y vy => w0 (1.23)
0>1 1<y<t >1
= Y tpred vk 1) (1.24)
0>1 k=0

Recalling that p1 » = 07, = 1,2,. .., and writing ER := )" jp; for the expected
jz1
value of o, we arrive at

- 1
vy = Zu(k, 1)=—
— ER

which is consistent with Subsection 1.4. For all £ > 1,1 < y < ¢ we have the
following chain of equalities:

1 17
0y = vl ) = -y = ~———0,. 1.25
v(l,y) =v(l, ) = vip1y ER% = TERY (1.25)
Let us define the size-biased distribution ¢ obtained from p by putting
k
Ok ‘= ——= Ok- 1.26
O = TR0k (1.26)

With this, (1.25) can be written as

v(ly) =
We have proved:

Proposition 1.8.1 Assume ER < oo.
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Then the equilibrium distribution for the stochastic dynamics (1.21) is the distri-
bution of the pair R .
(R,UTL,..., R])

where R has the size-biased distribution p given by (1.26), and given R,
Ull,...,R] is uniform on {1,..., R}.

Remark 1.8.1 (¢f. (1.7) and (1.8)) From (1.25) we obtain

vy = Zl/(k,y) = Zu(k,k) = ELR,;QIC = %P[R >yl

k>y k>y

Remark 1.8.2 If we assume in addition that the greatest common diwvisor of {k :
ok > 0} is 1, then the stochastic dynamics (1.21) is aperiodic, and we have conver-
gence to equilibrium in the sense of Theorem 1.6.1.



Chapter 2

Renewal processes

2.1 The renewal points and the residual lifetime
process

We are going to parallel the picture of subsections 1.3 and 1.8, but now in continuous
time. For the whole chapter we fix the following framework: Let o be a distribution
on Ry =[0,00), and R, Ry, Ra, ... be i.i.d with distribution p. Assume p:= ER €
(0,00). Let Y = (Y;) be an Ry-valued stochastic process constructed as follows:
Starting from some Yy in (0, 00), Y moves down the positive half axis at unit speed.
When reaching 0, i.e. at time 7 := Yp, Y is set equal to R; (so that Y._ = 0,
Y; = R;) and from there continues to move down at unit speed. At time Yo+ R1,Y
is set equal to Ry and so on. In this way we get the renewal points

(Tl,Tg,...) = (Yb,Yo-i-Rl,Yo-i-Rl +R2,...).

For t > 0 we define N(t) to be the number of renewals up to and including time t¢.
In other words, putting Ty := 0, we have

N(t) = max{n : T, < t}. (2.1)
The strong law of large numbers gives
T,
— —u as., (2.2)
n

hence with probability one only finitely many renewals happen before t. Let us also
observe that, because of (2.2),

N(t) — o0 a.s. ast — 0. (2.3)

Note that
Ty <t <Tn@y+1
and
Yi =TNw+1 — ¢

NG _

i a.s.

Proposition 2.1.1 lim
t—oo

= E=

ext renewal times:
Iney ot _ Inw+ N +1
N() — N(t) — Nit)+1 N(¥)
Now use (2.2) and (2.3). O

Almost sure convergence does not imply convergence of expectations. However,
in our case we have

Proof: Compare to previous and

17
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Proposition 2.1.2 (“Elementary Renewal Theorem”)

i BV _ 1

t—oo t 12
provided that EYy < oo.

Those who are interested in a proof can find it e.g. in the course notes ” Applied
Stochastic Processes” by Russel Lyons which are based on Sheldon Ross’ book
“Stochastic processes”, 2nd ed., Wiley 1996, and are downloadable from Russel
Lyons’ homepage: http://php.ucs.indiana.edu/~ rdlyons/home.html. The proof of
Proposition 2.1.2 given there uses Wald’s identity, which is of interest in its own
right - we’ll come back to this later.

2.2 Stationary renewal processes

Proposition 2.2.1 If Y, has distribution density

mw:%szm=%m@w» (2.4)

then for allt > 0, also Y; has distribution density g.

Before giving a clean (and still beautiful) proof of this proposition, we present a
quick, a bit dirty and still nice “differential” argument that the equilibrium density
of Y must be given by (2.4): The differential analogue of (1.6) in Subsection 1.4 is

g9(r) = g(r +dr) + g(0)e(dr) (2.5)

Integrating this over r € [0,y) gives

—9(y) + 9(0) = 9(0) 2([0,3)),
or equivalently

g@)zgm)/lvzmgum.

Integrating this from y = 0 to y = co and using the interchangeability of integrals
with nonnegative integrands, we arrive at

1=00) [~ rplan)

Although this argument, which parallels the derivation of (1.7) and (1.8) in
Subsection (1.4), is appealing and easy to remember, a direct rigorous derivation
of the differential equation (2.5) seems tricky. Let’s therefore have another go and
prepare our rigorous proof of Proposition 2.2.1 with the following

Lemma 2.2.1 Assume Yy has distribution density g given by (2.4).
a) P[Ty € dt] = (1 — P[R < t])dt/pu
b) For alln > 2,

P[T, €dt] = (P[Ri +...+ Ru_1 <t] —P[R+ Ry +...+ Ro_y < t])dt/p.

diPWeM:ﬁm
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Proof: a) P[I} € dt] = P[Y € dt] = g(¢)dt = (1 — P[R < t])dt/p.

b) P[T, € dt] = /1[07t)(s)P[R1 4. 4 Ry_y € ds|P[Yy + s € di]

1
= /1[07,5)(S)P[R1 +...+R,_1 € dS];(l — P[R <t— S])dt
— (P[Ri+...4 Ruy <t] =P[Ry +...4+ Rus+ R <)) dt/p.

c) follows by telescope summation. O

In words, Lemma 2.2.1 says that the expected number of renewal points in a
set B C Ry, when starting with Yy in density g, is % Lebesgue measure of B. In
other words, the expected number of renewal points per time unit (the so called
renewal density) then is a constant (namely i), which clearly should be crucial for
stationarity.

Proof of Proposition 2.2.1:

Py, >0 = > P[Y;>bN,=n]
n=0

= P[Yy>t+b+ Z/ [T, € ds; Ry >t — s+

8

8”

= P[Yy>t+b+ Z/ [T, € ds]P[R >t — 5+ D]

— / LR > sds /—dsPR>t—s+b]
+b M
1

_ / LP[R > s)ds = P[Y; > b]. O
b M

Like in subsection 1.8 we define the size-biased lifetime distribution ¢ by
1
o(dr) := —ro(dr
(dr) p (dr)

and denote by R a random variable with distribution 0. Further, let U be a random
variable which is uniformly distributed on [0, 1] and independent of R.

Lemma 2.2.2 (compare to Remark 1.8.1 and Proposition 1.8.1)

g(r) = %RP[R > 7]

is the distribution density of UR, where R has distribution 6 and U is uniform on
[0,1] and independent of R.

Proof: Let h: Ry — Ry be measurable

EW(UR) = [ BlhUn)atdn

o([t, OO))h(t)dtz/g(zt)h(t) dt. O

_ % [ rEmwn)otar)

_ i/r% /OTh(t)dtg(dr)

_ikéfw%wmm
i

+
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Paralleling subsection 1.8, we describe the dynamics which keeps track not only
of the residual lifetime Y;, but also of the current total lifetime L;. The first compo-
nent of (L, Y;) remains constant while the second component decreases with unit
speed till it hits 0. Then both components jump to (R, R), where R has distribution
o and is independent of what happened before. In view of the previous results and
Proposition 2.2.1, the following proposition should not be mysterious any more.

Proposition 2.2.2 If (Lo, Yy) equals in distribution (R,UR) , then (Ly,Y;) has the
same distribution for all t > 0.

For a proof, see e.g. S. Asmussen, Applied Probability and Queues, Wiley 1987,
p.116/117.

This proposition gives us a neat way to construct a time-stationary process of
renewal points on the real line: A

Let Ry, Ra,...,R_1,R_5,... beii.d. copies of R, and independent of R and U.
Put

Tp:=UR+Ri+...4+Ryy, Topi=—(1-U)R-—R_j—...—R_(, 1),

[ORES Z 5Ti'

1€Z\{0}

and

® is a counting measure on R: for B C R,
®(B):=#{i:T; € B}

counts the number of renewal points falling int B. Because of Proposition 2.2.2,

the distribution of @ is invariant w.r.to time shift, i.e. ® = > d7, and 6;P :=
1€Z\{0}
> Or,4+ have the same distribution. Thus, it makes sense to call ® a stationary
1€Z\{0}
renewal point process with lifetime distribution o.

2.3 Convergence to equilibrium

In view of subsection 1.6, it is not too astonishing that, in order to guarantee
convergence to equilibrium, we need something like an aperiodicity condition.

Definition 2.3.1 We say that o is non-lattice if there does not exist any d > 0
s.th.
0({0,d,2d,3d,...}) = 1.

The next theorem, which we won’t prove, is in the spirit of the convergence theorem
Thm. 1.6.1.

Theorem 2.3.1 (Key Renewal Theorem) Assume that ¢ is non-lattice. Then, ir-
respective of the distribution of Yo = 11, o
(Tny+1 — Tvy, T (ey+1 — t) converges in distribution to (R,UR) as t — oo.

The next theorem, which we won’t prove either, states that in the non-lattice
case the expected number of renewals in a late time interval of lenght a is approxi-
mately a/pu:

Theorem 2.3.2 (Blackwell’s Renewal Theorem) Assume that o is non-lattice and
E[T1] < oo. Then for all a > 0,

EN(t+a)— N@t)] — a/pn  as t — 0.
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2.4 Homogeneous Poisson processes on the line

We specialize to the important case
0 := exponential distribution (with parameter a)

ie. o(dr) = ae”*"dr. Note that P[R > r] = e~®", which immediately shows that
R has no memory in the following sense

PR >t+h|R >t =P[R > h].
This explains why o coincides with the equilibrium distribution of the residual
lifetime. Indeed, since u = ER = é,
1 _
—P[R>r] =ae™ "
1

Moreover, R has density a?re~®". We claim that this is the density of the sum of
two independent, exponential («) distributed random variables X7, X». Indeed,

PXi+Xs€r,r+dr]] = dr/ e ae” ") ds = dr ore=".
0

Thus the following definition makes sense.

Definition 2.4.1 Let Ry, Ry, R1,Ra...,R_1,R_2... be independent, exponential(c)
distributed random variables, put

n—1 n—1
T,:=Ro+» Ri, Tn:=—R;—> Ry n=12...
i=1 i=1

Then ® = > O, is called a stationary (or homogeneous) Poisson point process
1€Z\{0}
with intensity a.

The name ”Poisson process” is explained by the following

Proposition 2.4.1 In the context of Definition 2.4.1, N(1) = #{i |0 < T; <1} is
Poisson (a)-distributed, and given N(1) =n, (Ty,...Ty) is distributed like the order
statistics (i.e. the increasing reordering) (Uny,...Um)) of independent uniform (on
[0,1]) random variables Uy, ..., U,.

Proof: Let B C {(t1,...tn): 0<t; <...<t¢, <1} and put
B:= {(roy.--yrn-1) |7 >0, (ro,70 +71,...711+ ...+ rn_1) € B}.
We then have
P[N(1)=n,(T1,...,T,) € B]
= P[Ry+...+ R, >1,(Ro,...,Rn_1) € B|
= / a"tlemaro | emndyr, ... dry,
ro+.. 41 >1,(r0, ...;tn_1)EB

Using the 1-1 transformation t; =ro+...+7r;—1, i = 1,...n+ 1, we can write this
as

/ Oén+16_at"+1dt1 . dtn+1

(t1,--tn)E€B, tny1>1
n

e *a"\"(B) = efo‘a—'n!/\”(B)
n:
= POiSa(’n) : P[(U(l), ey U(n)) S B]
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a

n n

Since the random counting measures »_ dy,, and ) dy, obviously have the same
i=1 i=1

distribution, we obtain from the previous proposition the following

Corollary 2.4.1 : Let Z be Poisson(«)-distributed, and Uy,Us, ... be independent,
uniform [0,1] (and independent of Z ).

Let 0 < Th < T» < ... be the random time points of a stationary Poisson («)
N(1) zZ

process. Then > dr, and Y dy, have the same distribution.
i=1 i=1



Chapter 3

Poisson processes

3.1 Heuristics

In the previous chapter, we have made acquaintance with homogeneous Poisson pro-
cesses on the real line. Recall the intuition that in each small time interval of length
dr, the probability of a point landing there is «-dr, independently of everything else.

This latter intuition carries beyond the line. Think of an arbitrary measurable
space (E,£), and let m be a o-finite measure on € (where o-finiteness means that
m(B,) < oo for some By C By C ... with UB,, = FE). For the moment let us also
assume that m({z}) =0 for all z € E.

Imagine throwing a configuration of points randomly into F, assuming that for
each small volume element dy

P[a point lands in dy] = m(dy),

and these events are independent for disjoint dyi, dys, .. ..
With some good sense of humor we can write:

P[no point lands in B] = H (1 —m(dy))
yeB
— H e—m(dy) — e Sy m(dy) _ e—m(B)
yeB

This “taboo probability” is perfectly compatible with what we saw in the previous
chapter. What is the distribution of the total number of points landing in B 7

We recall the Poisson limit law: The total number of successes for many inde-
pendent trials whose (small) success probabilities sum up to « is asymptotically
Pois(«)-distributed.

Thus, we guess that

P[k points land in B] = Pois,,py(k)

B)m(B)k
k!

_ efm(

3.2 Characterization

Let’s now leave the realm of heuristics. Let F be a non-empty set, £ be a o-algebra
on E, n € U{co}, and (x;)i=1,...n be a (finite or infinite) sequence in E. The

23
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measure .
Y= Z 511 (*)
i=1
counts how many points of the sequence (z;) fall into the various subsets of E. That
is:
o(B) :=#{i|x; € B}, BCE. (3.1)
Note that ¢ forgets about the ordering (but not about possible multiplicities) of
(x;). Literally the only thing that counts is the number of points of (z;) falling into
the set B.
Measures of the form (3.1) are called point measures or counting measures. The
simplest of that kind are the Dirac measures 6., x € E, that is, n = 1 in (x). The
definition (*#) then turns into

0.(B)=1ixz e B, and =0 if x ¢ B.

Integration of functions with respect to point measures is particularly simple. For
P = 2?21 511 and f B — ]R-i-v

[ H@yetdn) = 3 s

For the special case n = 1 this is just the definition (3.1).

Lemma 3.2.1 a) The distribution of a random point configuration ® is uniquely
determined by the distribution of

(®(By),...,8(By)), neN, B; €&.

b) The distribution of an R’} -valued random variable Z = (Z1, ..., Zy) is uniquely
determined by all the expectations Be=<F%> 3 = (By,...,0,) € G, where G is
some non-empty open subset of R}.

Proof: a) see O. Kallenberg, Foundations of Modern Probability, Springer 1997,
Thm 4.3.

b) see loc.cit. Prop.2.2, and O. Kallenberg, Random measures, 4th ed., Akademie-
Verlag and Academic Press 1986, p. 167 O
Note that (3.2.1), viewed as a function of §, is called the Laplace transform of (the
distribution of) Z.

Definition 3.2.1 For a random point configuration ®, the measure B — E®(B), B €
&, is called the intensity measure of .

Proposition 3.2.1 The distribution of a random point configuration ® is uniquely
determined by the expectations

Eexp(—/f(z)q)(dz)), f: E — Ry measurable (3.2)

Proof: Fix By, ..., B, € £ and consider the R’} -valued random variable

Z=(Z1,...,2Z,) = (®(By),...,®(By)).

For = (B1,...,0n) € R}, we have, putting f := > Gilp,,

Ee <A2> = Eexp(—/f(z)fb(dz)) (3.3)

Thus, by Lemma 3.1 c), the expectations (3.2) determine the distribution of the
random variables Z. These, in turn, determine the distribution of ® by Lemma
3.1a). 0
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Definition 3.2.2 A random point configuration ® is called a Poisson point process
(PPP) on E if, for all disjoint B1,Ba,... €&,

®(By),...,P(B,)
are independent and Poisson-distributed.

We do not exclude the case that ®(B;) = oo a.s. for some B;, in this case we say
®(B;) is Poisson(co)-distributed. Next, we identify the “Laplace transform” of a
PPP.

Proposition 3.2.2 For a PPP ® with intensity measure m, and f : E — R,
measurable,

Bexp(— [ f(:)0(d2) = exp(— [ (1= e/ m(az) (3.4)
Proof: a) Let N be Pois,-distributed, 5 > 0. Then

Eexp(—BN) =exp (—(1 — e ?)a)

(check!)
b) For disjoint By,...,B, € £, and (1,...,53, > 0,

E exp(— Z Bi®(B;) = [[Eexp(-8:2(Bi))

i=1

= Hexp (1—efym (B)))
= exp< Zl—e Py l))

For f:= > f;1p, , this translates into (3.4).

¢) Since any nonnegative measurable f is the pointwise limit of functions in b) ,
the assertion follows by dominated convergence (the continuous analogue of Lemma
1.4.1, cf. Kallenberg Thm 1.21).

Immediate from Propositions 3.1 and 3.2 is

Corollary 3.2.1 a) A random point configuration ® is a PPP with intensity mea-
sure m if (3.4) holds.
b) Two PPP with the same intensity measure have the same distribution.

3.3 Construction

What about existence of a PPP for a given intensity measure m 7 We will give a
simple and useful construction, first in the special case of finite m.

Proposition 3.3.1 Let m be a finite measure on E. Let N be a Poisson(m(FE))-
distributed r.v., and Uy, Us, .. .. be independent with distribution m/m(E).

N
Then ® := > 6y, is a PPP with intensity measure m.
i=1



CHAPTER 3. POISSON PROCESSES 26

Proof: Let By,...,B, € £ be disjoint, and put
B,41:=E\(B1U...UB,).
For ky,...,kny1 € Ng, k:=ki + ...+ kpt1, we have
P[®(B1) =k1,...,P(Bnt1) = knt1]

) e M m(B) (B
k! kl'kn+1' m(E)’“
ntl —m(B;)
e

= 1 s

Hence we see that the ®(B;) are independent and Poisson (m(B;)) distributed. O

The next result states that the independent superposition of PPP’s is again a
PPP, and the intensity measures add up.

Lemma 3.3.1 Let ®1,Po,.... be independent PPP’s with intensity measures mi, ma, . . ..

Then ® := > ®; is a PPP with intensity measure m := Y, m,.

i=1 =1

Proof: We use Corollary 3.2.1:

Bexp (— [ 1) @) )

Il
]
™
o)
/|\
—
—
—
|
o
L
~
g
B
=
I\
S~—
N———

- exp<—/(1—e_f(z))(2mi)(dz)>. m

Corollary 3.3.1 Let m be a o-finite measure on E, that is, there exist By C By C

. such that |J By, = E and m(By,) < oo for all n. Then there exist finite measures

m; (even concentrated on disjoint sets) such that m = > m;. Now construct a PPP

O, with intensity measure m; as in Proposition 8.4. Then ® := Y ®; is a PPP with
2

intensity measure m.

3.4 Independent labelling and thinning

Let ® = > dy, be a PPP. Attach to every point Y; a label L; whose distribution
may depend on Y; but is independent of all the other Y; and all the other labels.
We claim that W := 3 d(y, 1,) then is a PPP on the product space of positions and
labels. To formalize this, let us specify a space (L, L) of labels, and a transition
probability P(y,df) from E to L (that is, for all y € E, P(y,.) is a probability
measure on L, and for alll G € £,y — P(y, G) is measurable.)

Proposition 3.4.1 Let ® be a PPP with o-finite intensity measure m. Given
D =30y, let (L;) be independent, and L; have distribution P(y;,.). Then U :=

> 0(vi,Ly) s a PPP on ExIL with intensity measure (m®P)(dy, dl) := m(dy)P(y, d¢).
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Proof: Proceeding like in Lemma 3.1 and Corollary 3.2, it suffices to consider the
case m(E) < oo. Use the construction of ® given in Proposition 3.3. If U has
distribution m/m(E), and given U = u, L has distribution P(u,.), then (U, L) has

N
distribution %@P. Thus, ¥ arises as ) | 6v,,,) , where N is Poisson distributed
i=1
with parameter m(E) = (m ® P)(E x L), and the (U;, L;) are independent with

distribution (m ® P)/(m ® P)(E x L). This identifies ® as a PPP with intensity
measure m & P. O

Corollary 3.4.1 Let ® be a PPP on E with o-finite intensity measure m , and
p: E — [0,1] be measurable. Given ® =Y 4,,, for each i throw an independent coin
with success probability p(y;), thus arriving at the labelled configuration)’ d(y, r,),
where L; € {0,1} and P[L; = 1] = p(y;).

Then x := Y. 0y, is a PPP with intensity measure
’i:Lizl

my(B) = /p(y)m(dy)-

B

(Indeed, because of Proposition 3.3.1 ¥ := ) 4§y, 1,y is a PPP on E x {0, 1} with

intensity measure m(dy)(p(y)d1 + (1 —p(y))do) and therefore > 4y, 1) is a PPP
i:Lizl
on E x {1} with intensity measure m(dy)p(y)d1). We call x a p-thinning of ®.

Example (Minimum of independent exponentially distributed random variables)
Let ag,9,... > 0 with > ay =: o < oo. Let Wy, £ = 1,2,..., be independent
and Exp(oy)-distributed. We claim that H := min W} is Exp(«)-distributed, and
P[H = W,] = 2£.

Indeed, consider a homogeneous Poisson(«) process (T4, T3, . ..). Do an independent
labelling

The resulting point processes (Tl(e), Tél), ...) are Poisson(«ay) and independent.
Obviously,

T, = minTl(j)
J
L(Ty) = Exp(a)
c(r’)y = Expa)
P[Ty =T1(€)] = ap/a, £=1,2,...

3.5 Poisson integrals, subordinators
and Lévy processes

Let @ be a PPP with o-finite intensity measure m, and f : E — R be measurable.

Lemma 3.5.1 a) For f >0 or [|f|dm <,

E / F(2)®(dz) = / f(z)midz) (3.5)
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b) For [ | f]dm < o,

var [ f)e0) = [ Pomidz) (3.6)

Proof: a) is clear from monotone convergence.
n
b) Again, we can restrict to finite m. For functions f = > G;1p,, B; pairwise
i=1
disjoint 3; > 0, (3.6) is clear from independence and the fact that Var Z = « for
a Poisson(«)-distributed Z (check!) Hence, for all such f, the second moment of

[ f(2)®(dz) is
El( [ f(:)o(@2)?) = [ fdm+ [ gam. (3.7)

Monotone convergence gives (3.7) for all measurable f > 0, and hence also (3.6)
provided that [ fdm < co. Finally, split £ into {f > 0} and {f < 0}, and use
independence. O

As a preparation for the Poisson representation of Lévy processes, we show two
nice little lemmata.

Lemma 3.5.2 Let ® be a PPP with intensity measure m, and f : E — R, be
measurable.
a) If f > 1, then

/f ) <o a.s.<m(E) <o

b) If f <1, then

/f ®(dz) < o0 as<:>/f dz) < oo

Proof: a) This is clear since both is equivalent to ®(E) < oo a.s.
b) “=": From Eexp(— [ f(dz)®(dz)) > 0 and Proposition 3.2.2 we have

/(1 — e T ym(dz) < 00

Since f <1, there exists a ¢ > 0 such that ¢f <1—e~/, hence [ f(z)m(dz) < oo
“«<7: By dominated convergence, we have

ii_r)r(lJEexp(—c/f(z)@(dz)) = P[/f(z)fb(dz) < o0l

On the other hand, since by assumption

o> [ fems) 2 [(1- e Opmaz)

we get again by dominated convergence
lin% exp(— /(1 — e E)ym(dz)) = exp(0) = 1
Hence, together with Proposition 3.2 the assertion follows. O

Example (Poisson representation of the Gamma distribution)
Fix £ > 0, and let ® be a PPP on R, with intensity measure m given by

v(dh) == k%e‘hdh (3.8)
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Consider the Poisson integral (or “‘Poissonian superposition”)

z;:/h¢um (3.9)

We claim that
Ee %2 = (1+6)7, 8>0.
Indeed, because of Proposition 3.2.2 and the well known fact that f h"e~hdh =
Ry
n!, n € N, we have for all 3 € [0, 1]

1
Ee P? = exp —/(1—67ﬁh)kﬁefhdh
R
— exp —k/(—i(_ﬁh)j)lehdh
- 4! h
R, J=1
= exp |k —Wffhﬂfle*hdh
>
R
[e%e] - ﬁj .
= exp | —k» (-1) 1ﬁ(3_1)!
j=1
e 1
= exp —kz(_].)] ﬁj__
i=1 J

= exp(—kIn(1+p8)=0+73)""

Recall that for k € Ry, the Gamma-distribution with form parameter &k (and scale
parameter 1) (or Gamma(k)-distribution for short) has density

— 1 k—1_—y
gk(y) = F(k)y e, y> 07

where
o0

I(k) = /yk_le_yd% keRy,
0
denotes the T-function. For a Gamma(k)-distributed Y we have

1
Ee ?Y = — >0
arar "’
(check!) So, because of Lemma 3.2.1b) we conclude that the “‘Poissonian superpo-
sition” (3.9) represents a Gamma(k)-distributed random variable. O

Example Let v be a measure on R, with

/yl/(dy) < 0. (3.10)

Let ® =3, 0(s,,v,) be a PPP on Ry x (R\ {0}) with intensity measure m(d(s,y)) =

ds - v(dy), and put
t
X, ;:// y®(dy) = > Y. (3.11)
o Jry

Si<t
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Then X has homogeneous independent nonnegative increments, that is:
(i) L(X¢ — X,) depends only on ¢t —r,

(i) X¢, — Xeg, -+, Xe, — Xy, _, are independent if tg < t1 < ... < ty,
(iil) Xy — X, >0if ¢t > r.

A process X with the properties (i)-(iii) is called a subordinator. Perhaps the
most prominent subordinator is the Gamma process. It is of the form (3.11) where
v is given by (3.8).

Notably, any subordinator is of the form

Zt:C+bt+Xt,

where b > 0 and X is of the form (3.11) for some v meeting the requirement (3.10)
((see O. Kallenberg, Foundations of Modern Probability, p. 290 (in the 2nd ed)).

Let us now come back to Poisson integrals. If we look, instead of the random
point measure ®, on the compensated (signed) random measure ® — m, we might
hope that this integrates a larger class of functions f. Indeed, we will show that
we can make sense out of [ f(z)(® — m)(dz) through a suitable limit procedure,
provided that | f| <1 and [ f2dm < oco.

Lemma 3.5.3 Let |f| <1 and
/f2(z)m(dz) < oo (3.12)

a) Let By C By C...,UBn =F, and assume pu(By) < oo Vn. Then

Iy = I(f) = / F(2)15, (2)(® — m)(dz)

converges, as n — 0o, in L? (or mean-square) to a random variable

1(f) = / F(2)(@ — m)(dz).

b) The special choice of (By) doesn’t matter so much:
Assume C1 CCy C...,lUC, = E, u(Cy) < oo Vn, and assume further that each
C,, is contained in some By, k > n. Then

Iy = /f(z)lcn(z)(fl) —m)(dz) — I(f) in L2
Proof: a) For n > k, because of Lemma 3.5.1 b) and dominated convergence,
E[(I, — I)?] = / fA(z)m(dz) < / f2(z)m(dz) — 0 as k — oo as k — oo.
Bn\Bk E\Bk

Thus, (I,,) is a Cauchy sequence in the sense of mean square (or L?-) convergence
and hence converges in L? towards some random variable J (cf. Kallenberg, Lemma
1.31).

b) For all n € N let k = k(n) > n be such that C,, C By. Then

Bl(J, — I,)] = / F2(z)m(dz) < / F2(z)m(dz) — 0 as n — oo,

Bk\cn E\C”

hence also (J,,) converges in L% to I(f). O
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Example Let v be a measure on R\ {0}, with

/(y2 A1) v(dy) < oc. (3.13)

Let ® be a PPP on R\ {0} with intensity measure m(d(s,y)) = ds - v(dy), and put

xi= [ [y + [ t [ e,

where the first integral is defined according to Lemma 3.5.3, with B,, := [0,¢] X
([-1,1]\ [-1/n, 1/n]). Then X has homogeneous independent increments, that is:
(i) L(X¢ — X,) depends only on ¢t — 7,

(ii)) X¢, — Xeg, -+, X¢, — Xy, , are independent if tg < t1 < ... < t,.

A process X with the properties (i) and (ii) is called a Lévy process. Notably,
any Lévy process is of the form

Zt:C+bt+UWt+Xt,

where W is a standard Wiener process (we’ll come back to this later), o > 0, and X
is of the form (3.14) for some v meeting the requirement (3.13) (see O. Kallenberg,
Foundations of Modern Probability, p. 290 (in the 2nd ed)).



Chapter 4

Markov chains in continuous
time

4.1 Jump rates

Like in the first lesson, we start by considering a finite or countable set Sy, and a
stochastic matrix II on Sy. Other than in chapter 1, however, time is now thought
to be continuous. Moreover, we introduce state-dependent rates a,x € Sy (having
in mind that in different states, time may pass in different speed). We think of a, as
the parameter of an exponential distribution: when starting in x, our process keeps
waiting there for an Exp(ay)-distributed time, then moves to y with probability
II(x,y), then keeps waiting there for an independent Exp(co,)-distributed waiting
time, and so on.

Question: What is the distribution of the time at which our process, when starting
in z, jumps for the first time away from x (the so-called holding time in z)? The
“jumping away” happens already after the first Exp(a,)-distributed waiting time
with probability p := 1 — II(z, ). With probability II(z, 2), however, there follows
another independent Exp(a,)-distributed waiting time, and so on. Overall, we are
faced with a p-thinning of a Poisson(a)-process. Thus, the holding time in x has
an exponential distribution with parameter

Qr = Qzp = az(l — H(:C,I))
At this time, the process jumps to y (# x) with probability

(Here, we assume that II(x,2) < 1 ; otherwise, ¢, would be zero and the process
would remain in z forever.)

Let us forget about a and II, and fix ¢ and J as our basic ingredients.

gz >0, x €Sy are called the jump rates,

J(z,y) >0, x#y€ Sy, with the property

> J@y) =1,
yE€So\{z}

is called the jump matriz.

We now define a random path (X;);<o starting in @ € Sp. After an Exp(qy)-
distributed time Hy, jump to y with probability J(z,y).

Then after an Exp (g, )-distributed time H; (independent of Hp), jump to z with

32
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probabiltiy J(y, z), and so on.
The process (X;) starting in  can be defined in the following way (check !):
Let (Yp,Y7...) be a discrete time Markov chain starting in x with transition ma-
trix J. Given (Yp,Y1,...) = (yo,¥1,...), let H; be independent and Exp (gy,)-
distributed. Put

Xy = x for x <t< Hy

X, = Yi fOrH0++HZ,1§t<H0++HZ,’LZl

4.2 The minimal process and its transition semi-
group

Does for given ¢ and J the construction in section 4.1 define the random path (X3)
for all times ¢t > 07 Yes, if the time axis [0,00) is exhausted by the sum of the
holding times.

Note: The construction defines X; only for t < Hy+ Hy +.... =;(C

If { < o0, we say that X explodes, and call  the ezplosion time.

Here is an example for explosion:
So=N, q =k, Jkk+1)=1
Starting in x = 1 we have
— 1
E[(]=) 3 < 0.
k=1
Let us now extend the construction (4.1) extend beyond ther time (.

Definition 4.2.1 : Let A be an element not belonging to Sy and put Sa = So U

{A}

The minimal process X following the dynamics (q,J) is constructed as above for
t < ¢, and set equal to A for t > (. Thus, X = (X;):>0 is a random variable taking
its values in the right-continuous Sa-valued paths which never return from A.

By construction, our X obeys the Markov property:

Pz[Xert:Z | X, :yla---aXs:y] :Py[Xt :Z] (41)
(s1<...<s,t>0,2,y1,...,9, 2 € Sa)

We put
Pf(z,y) ==P.[Xy =y, ,y€Sa (4.3)

and
Pt(xuy) = Pm[Xt :y]7 ‘T?yESO' (44)

Note that P;(x,So) = 1 is guaranteed only if P,[¢ > t] = 1. In general, we have
Py(z,8) <1 (4.5)

and consequently call P, a substochastic matrix.
The law of total probability and the non-returning from A gives

Popi(m,y) = > Pu(,2)Pi(z,y) =t (P.P)(x,y), z,y € So (4.6)
z€So
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We say that (P;) satisfies the Chapman-Kolmogorov equations (or, that it is a
semigroup of substochastic matrices). For short, we call (P;) the transition semi-
group of (X;). There is a formal analogy between the relation

Psyy = PsP;, s,t>0; Py=1:= identity matrix (4.7)
and the relation
f(s+1t)=f(s)- f(t), st>0, f(0)=1 (4.8)

Equations(4.8) are satisfied by f(t) := e*,a € R, which obeys the differential
equation

d

() = af(1) (4.9)
and p

S F(#) limo= (4.10)

We'll explore the counterpart of (4.10) for our semigroup (P;). To this end, let’s
analyze (P;) near t = 0 , and start with some heuristics. Neglecting the effect of
multiple jumps in small time intervals (which in fact can be justified) we have

Py(z,z) =e %" 4 0(h) =1—qu-h+o(h), Pu(x,y) = hguJ(z,y) + o(h), x#y

(4.11)
which can be written compactly as
P, =1+ hQ + o(h), (4.12)
where I denotes the identity matrix on Sy , and
—qz r=y
x,y) = 4.13
Q=) { @t (2,y) ©Fy (4.13)

is the so-called Q-matriz associated with ¢ and J. Since
Po(z,y) = Py[Xo = y|] = 62y = I(2,y),

(4.12) translates into

d

—P; |i—0= Q.
5P lizo= Q

4.3 Backward and forward equations

We have seen in the previous section that the semigroup property of (P;) is inti-
mately connected with the law of total probability. We can now apply the “total
probability decomposition” near time 0 or near time ¢. This will give us two sys-
tems of differential equations for P;, called the backward and the forward euqations,
respectively. In a nutshell, the argument is as follows:

Pyt — P, = PP, — P, = (P, — I)P,, (4.14)
thus (assuming that limits and summations can be interchanged)

d
ZP=QP (4.15)

On the other hand

Piyn— P, =P,P, — P, =P,(P, — I), (4.16)
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thus (again assuming that limits and summations can be interchanged)

d

—P, = PQ. 4.17
“P = PQ (4.17)
(4.15) and (4.17) are called the backward and forward equations. We’ll agree to
understand them component-wise. Written more explicitly, (4.15) reads as

d
EP,: z,y) Z Q(z,2)P(z,y) (z,y € So) (4.18)
z€Sp
and (4.17) reads as
—Pt (z,9) Z Pz, 2)Q(z,y) x, Yy € So. (4.19)
z€So

Thus, for fixed y € Sy, the backward equations (4.18) are a system of differential
equations for the P;(z,y),z € So, and for fixed z € Sy, the forward equations (4.19)
are a system of differential equations for the Pi(z,y), y € So.

Let us illustrate this point still more. Take a real valued function f = f(y) , and a
probability meausre p = p(x). How do the expectations E,[f(X;)] =: u(t, z) and
the probabilties P, [X; = y] =: ¢(y) evolve in time ? We have

u(t, x)

S Pie)f(y) = Pif ()

1 (y) > (@) P, y) =: pPy(y)

Again assuming that limits and summations interchange, we get that u satisfies
the backward equations

pultn) = XY QARG W)
> Qe 2Jult.2) = (Quit, )@

and p satisfies the forward equation

%ut(y) = Zﬂ(x)zpt(x’z)c’?(z’y)

We are now going to prove that P; defined by (4.4) satisfies the backward equation
(4.15). This will be achieved by establishing an integral equation equivalent to
(4.15) through a “first jump decomposition”.

Proposition 4.3.1 Consider jump rates q, and a jump matriz J, and define the
matriz Q as in (4.13). Let (X;) be the minimal process constructed in section 4.2,
and P; its transition semigroup defined by (4.4). Then (P;) satisfies the backward
equations (4.18).
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Proof: Following the strategy of a “first jump decomposition”, we obtain

Pw,y) = Pu[Ho>t, X, =y|+ Y Pu[Ho <t,Xu,=2X; =1y
ZF#T

t
_ €_q”t5xy+z goe” " ds J(z,2) Py (2,y)
27T

t
= el + Y / qze” " du J (2, 2) Pu(z, y)
z#yY 0

Multiplying by e%! we arrive at

t

et Py(z,y) = 5my+/queq”“duJ(:v,z)Pu(z,y).
0 *FT

Hence, taking the derivative with respect to t,

d
e g, Pula,y) + = Pla,y)] = 'Y q.d(@.2)Pi(zy)
zH#x

or in other words

d

Ept(xvy) = (th)(x7y>

O

The proof of the next proposition is similar in spirit but slightly more involved

than the previous one: Here one decomposes according to the last jump before ¢,

and uses a time reversal argument. We won’t give the details, but refer to J.R.
Norris, Markov Chains, CUP, 1997, p 100-103.

Proposition 4.3.2 Let Q and P, be as in Proposition 4.3.1. Then (P;) satisfies
also the forward equations (4.17).

The previous two propositions describe how to construct, starting from a given @
as in (4.13), a “probabilistic” solution to Kolmogorov’s equations (4.18) and (4.19)
in terms of the minimal process. The next proposition states that this solution is
in fact the minimal one.

Proposition 4.3.3 The transition probabilities P,[X: = y] are the minimal non-
negative solutions both of the backward equations (4.18) and the forward equations
(4.19), always with initial condition Py(z,y) = gy.

Proof: see Norris, loc.cit., p.98 and p.100.

We conclude the subsection with a statement on the equivalence of the differen-
tial and the integral form of the backward and forward equation, respectively. For
this, let Q@ = Q(x,y) be a matrix with non-negative entries off the diagonal, and

> Qry) < —Q(z,2) =gz <00, €S
y#x

(So @ may be of a slightly more general form than in (4.13).)
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Proposition 4.3.4 a) Pi(x,y), z, y € Sy, satisfies the backward differential equa-
tion (4.18) iff it satisfies the backward integral equation

¢
Pi(2,y) = dpye” %" +/ e 1=* Z Q(z,2)P—s(z,y)ds, t>0; =z, y e Sp.(4.20)
0 z#x

b) Pi(x,y), x, y € So, satisfies the forward differential equation (4.19) iff it satisfies
the forward integral equation

¢
Py(z,y) = dpye” 9" +/ e w? E P_s(z,2)Q(z,y)ds, t>0; z,ye Sy (4.21)
0
27y

Proof: see e.g. W.J. Anderson, Continuous Time Markov Chains, Springer 1981,
Propositions 2.1.1 and 2.1.2. O

4.4 Revival after explosion

We saw in the previous sections how to construct, for a given Q-matrix as in (4.13),
an Sa-valued Markov chain (X;) (the minimal process) whose transition semigroup
(P;) obeyed

d

—P, [i=0= 4.22

CP o= Q (422)

If starting from z, an explosion in finite time happens with positive probability
then we have for some ¢t > 0
Pt (ZZ?, SO) <1

(and we say that (P;) is non-conservative). Can we modify (X;) such that
P.[X: € So] = Pi(x,Sp) =1 for all t and z,

and still (4.22) is valid ? Indeed, we can, and even in many ways:

Let 7 be an arbitrary probability distribution on Sy, and let the process, instead of

remaining in A for ¢ > {, jump back at time ( into Sy, arriving at z with probability

m(z). After the next explosion, apply the same procedure independently, and so on.
The transition semigroup (P;) of our new Markov chain (X;) then has the fol-

lowing properties:

P; is a stochastic matrix on Sp, t >0, (4.23)
Py =1, (4.24)

Ps+t = PSPt, S, t Z O, (425)

lgfg Pi(z,z) = 1. (4.26)

4.5 Standard transition semigroups and their Q-
matrices

Let’s turn the tables and start from a family (P;) satisfying (4.23) to (4.26). Such
a family is sometimes called a standard transition semigroup.
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Proposition 4.5.1 :

lim (P, — 1)(z, ) = Q(a,) (4.27)
exists in R U {—o0}.
(i) Forz =y, Q(z,x) € [—00,0]
(ii) For z #y, Q(z,y) € [0,00)
(iii) For all x, ; Qz,y) < —Q(z,x).

Proof: see S. Karlin, H.M. Taylor: A second course in stochastic processes, Aca-
demic press 1981, p.139-142.

Definition 4.5.1 a) A matriz Q with the above stated properties (i), (i), (iii) is
called a Q-matriz.
b) Q as defined in (4.27) is called the Q-matriz of the semigroup (Py).

Definition 4.5.2 Let Q be the Q-matriz of a standard semigroup (P;). A state x
is called

- instantaneous if Q(z,z) = —o0
- stable if Q(z,z) > —o0

- conservative if it is stable and > Q(x,y) = 0.
y

What is the probabilistic meaning of an instantaneous state x 7 The process
should jump away immediately from z, but because of (4.26) should for small times
be in z with probability close to 1. Is such a thing possible ?

And what is the probabilistic meaning of a stable non-conservative state = 7 Because

of )
Z _Q(xvy) < 17
yre

the process should get lost from Sy for a moment with positive probability (at the
random time when it jumps away from z), but because of (4.23) should return im-
mediately to Sy.

These two effects are illustrated by two nice examples due to Kolmogorov, now
known as K1 and K2 (cf W.J. Anderson, loc.cit, p.28-32, and K.L. Chung, Markov
chains with stationary transition probabilities, 2nd ed., Springer 1967, p.275 ff)
We will outline them briefly, starting with K2.

Example K2
Consider Sy := Ny, and the Q-matrix
-1 0 0 0 0
0 0 0 0 0
0 4 —4 0 0
Q= 0 0 9 -9 0
0 0 6

0 16 -1

Construct (X;) as follows: Starting from z = k > 1, things are simple: with
Exp(n?)— distributed holding times, the process jumps down to state 1 where it
remains forever. Starting from the stable but non-conservative state x = 0, the
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process jumps “ to oco” after an Exp(1)-distributed holding time, and from there
performs an immediate “implosion” until it comes to eternal rest in state 1.
For this, let W,,n = 1,2,... be independent and Exp(n?)-distributed, and put

0 if 0<t<W;

n if Wi+ Z Wk§t<W1+ZWk, n>1
Xt = k=n-+1 k=n

1 if Wi <t
k=1

(Note that Y- Wj < oo a.s., since E[Y° Wi] = 3 & < o0.)
k=1

k=1 k=1
Example K1
Consider Sy := Ny, and the Q-matrix
—00 1 1 1
1 -1 0 0
Q= 4 0 -4 O
9 0 0 -9

The intuition about @-matrices, which we developed in the previous sections,
seems to leave us in the lurch. How should it be possible to jump away from the
instantaneous state x = 0 immediately and uniformly to 1,2, ..., and still be back
to state 0 after a short time with high probabiltiy 7
Things clear up if one first considers, for M € N, the Q-matrix

-M 1 1 ... 1

1 -1 0 0

Qi = 4 0 —4 0
M? 0 0 —M?

on Sy :={0,1,...,M}.

A path starting in 0 remains there for an Exp(M)-distributed time, then chooses
uniformly a k € {1,..., M} where it stays for an Exp(k?)-distributed time, then
jumps back to state 0, where it remains for another (independent) Exp(M)-distributed
waiting time and so on.

A crucial idea is now to sum up all the holding times in 0 along a time axis which
counts only the time spent in 0 (the so called “local time” in 0).

We can now construct a random path X ) following the Q/-dynamics:

Let ®(M) = Y d(r,.k,) be a Poissson process on Ry x {1,2,..., M}, homogeneous

K2
with unit intensity on all Ry x {k}, K = 1,... M. Every point in ® stands for an
excursion from state 0; a point (L;, K;) means that at local time L; the process
jumps to state K.
Given the points (L;, K;), attach independent Exp(K?)-distributed time spans W;
(the duration of excursion no. i). Excursion no. 4 starts at real time

T, = L; + Z W; (4.28)
J:L;<L;

and ends at real time T; + W;; during the time interval [T;, T; + W;) the process is
in state K.
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Thus,
XM= 3" Kilpmew,) (1) (4.29)

defines an {0,..., M }-valued random walk following the @ p/-dynamics.
The same construction can be carried out for the “full picture”:
Let @ := (1, k,) be a Poisson process on R xN, homogeneous with unit intensity

3
on all the Ry x {k}, k € N. Again, attach independent, Exp(K?) distributed labels
W;.
The crucial observation is that, although infinitely many excursions from 0 happen
up to a positive local time [ > 0, the total time A; spent outside of state 0 up to
local time [ remains finite. Indeed, we compute its expectations as

E[4] = E[) W
j:L;<l
= ZE Z w;]
- i SE#{j: L <1, K; =k
k=1

=1
— Zk_

We define T; as in (4.28), but now in terms of ® (instead of ®(M)). Noting that
T; < oo a.s. because of the previous estimate, we can define X; as in (4.29).

Is it indeed true that (4.26) is met, i.e. that Po[X; =0] — 1 as t — 07 Yes! we
won’t give a formal proof, but content ourselves with an observation which hits the
core of the mattter.

Claim: For small [, the process stays with high probability only for a short fraction
of time outside of 0.

(Intuition: there were so much more very short excursions than long ones.)

Claim reformulated: For all € > 0

P[A; <el] >1—¢ for [ sufficiently small.

Proof: Write 4, = > A;, where
k=1

Al,k = Z Wj

J:Li<l;Kj=k
We have: .
E[Al,k] = lﬁ
Choose M so big that > & < % Let [ be so small that
k=M+1

P[® has a point in [0,1] x {1,...,M}] <

N ™
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Then, by Markov’s inequality (P[Z > c] < 1E[Z]),

M 0o
P[Al > El] < P[Z Ak >0or Z Apg > E-l]
k=1 k=M+1
<$ + 1 li <e
-2 e 2~



Chapter 5

Conditional Expectation

Let Z be an R-valued random variable which is non-negative or obeys E[|Z|] < oo
(in the latter case Z is called integrable). For an event A with P[A] > 0 we call

E[Z14]

BIZ14) = 53

(5.1)

the conditional expectation of Z | given A.

Now assume we are interested in events A = {X =z}, x € S, where S is some
discrete space and X is an S valued random variable.
Writing
p(z) = E[Z [{X = z}] (5:2)
for all z € S with P[X = z] > 0, we have found a random variable ¥ := ¢(X)
which for all B C S obeys

E[ZIxepy] = Elp(X)I1xepy ] (5.3)

Indeed,

ElZlixep] = > E[ZI{x—z]
z€B:P[X=z]>0

- Z o(@)P[X = z] = Elp(X)Ixepy]
z€B:P[X=z]>0

In view of (5.3), it makes sense to call the random variable Y := ¢(X) the condi-
tional expectation of Z given X.

Now let us turn to the case of uncountable S. Then typically P[X = z] = 0, and
we are in trouble with (5.2). However, it still makes sense to require (5.3).

Definition 5.0.3 Let Z be an R-valued random variable. Assume Z >0 or B|Z| <
oo. In addition, let X be an S-valued random variable, where (S,S) is some mea-
surable space. We call a random variable ¢(X) conditional expectation of Z given
X if

E[ZIxepy] = Elo(X) I xepy] (5.4)
forall B€S.

The conditional expectation of Z given X is a.s. unique. This is a corollary of
the following

42
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Lemma 5.0.1 Assume that @1 and @2 obey

Elp1(X){xepy] < Elp2(X)(xepy] forall BES (5.5)

Then
©1(X) < p2(X) a.s. (5.6)

) <
Proof: Put B := {x | p1(x) > 2(x)}. Then 0 > E[(p (X)_<P2(X))I{¢1(X)>¢2(X)}]'
On the other hand, Y := (p1(X) — @2(X))I{p1(X) > v2(X)} > 0. Together, this
implies that ¥ = 0 a.s., which enforces (5.6). O

Notation: If o(X) meets (5.4), we write o(X) = E[Z|X] a.s. What about existence
of conditional expectations 7

There is a beautiful geometrical picture which gives this existence (almost) for free.
To begin with, let Z be square integrable, i.e.

EZ? < .

Look for a random variable ¢(X) which, among all those of the form (X), mini-
mizes the mean square distance E[(¢(X) — Z)?]. We claim that p(X) = E[Z | X]
a.s.

(This is not too astonishing if one remembers that E[Z] is that constant, which
among all constants ¢, minimizes E[(c — Z)?].)

It remains to make sure that

a) the problem “minimze E[(4)(X) — Z)?]” indeed has a solution

b) the solution obeys (5.4).

We won’t go into every detail, but just state that the space £2 of square in-
tegrable random variables (more precisely, the space of L? of equivalence classes
of square integrable random variables being almost surely equal) carries a scalar
product given by

<"h,Y; >:=E[V1Y3],

generating the norm || Y ||:= E[Y?]'/2. This norm is complete (i.e. every Cauchy
sequence has an a.s. limit in £2), and the subspace £2(X) of all square integrable
random variables of the form ¢ (X) is complete as well. Let ¢(X) be the orthogonal
projection of Z on £2(X). Then Z — ¢(X) is orthogonal to all Y € £%(X), in
particular also to 15(X) = I;xepy. That is

< Z,Itxepy > =< @(X),I{xepy > forall B €S,
which is nothing but (5.4). This guarantees already the existence of E[Z|X] for
Z e L2
For an arbitrary random variable Z > 0, put Z,, := min(Z,n) and, noting that
Zn € L2, put 0,(X) := E[Z,|X]. Because of Lemma 5.2 we have ¢, (X) T a.s.

Writing ¢(X) for the a.s. limit of ¢, (X), we obtain from monotone convergence
forall Be S

E[Zlixep)] = UmE[Zu](xep)]

ligﬂ E[pn(X)I1xepy] = Elo(X) I xeB}]s

which is (5.4).

This guarantees existence of E[Z|X] for any non-negative random variable Z. Fi-
nally, for a real-valued random variable Z with E[|Z]] < oo, decompose Z in its
positive and negative part (Z = Z+ — Z7) and put

E[Z|X] := E[Z*|X] - E[Z7|X].

Overall, we have proved:
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Theorem 5.0.1 Let Z and X be as in Definition 5.0.3. Then E[Z|X] exists and

1S a.S. unique.

We now show that (5.4) extends from the indicator functions to all bounded mea-
surable f: S — R.

Proposition 5.0.2 Let Z and X be as in Definition 5.0.3 and o(X) := E[Z|X].
Then

E[Zf(X)] = E[p(X)f(X)] (5.7)
for all bounded measurable f: S — R.

Proof: For non-negative f , approximate f from below by functions of the form
> erlp, and obtain (5.7), using (5.4) , linearity of the expectation and monotone
convergence. For general f, write f = fT — f~ and again use linearity O

Let us now collect some important properties of conditional expectations.
Fact 5.1: (Law of total probability)

E[E[Z]X]] = E[Z]

(put B := S in (5.4))
Fact 5.2: (Respect what you completely depend on) _
If Z depends completely on X, i.e. Z = g(X) for some g : S — R,then

Efg(X)|X] = g(X) as.

(since (5.4) is clearly satisfied with Z = ¢g(X) = ¢(X))
Fact 5.3: (Ignore what you are independent of)
If Z and X are independent, then

E[Z|X] = E[Z] a.s.

(since E[ZI;xcpy] = E[Z]P[X € B] = E[E[Z]I;xcBy])
Fact 5.4: (Linearity of conditional expectation)

E[O&Zl + /BZQ | X] = OzE[Zl | X] + /BE[ZQ | X] a.s.

(check!)
Fact 5.5: (Monotonicity of conditional expectation)

Z1 < Zyas — E[Z1|X] < E[Z2|X] a.s.

Lemma 5.0.2 (Monotone convergence of conditional expectations)
If0< Z, 1 Z a.s., then

E[Z,|X] 1 E[Z|X] as.

Proof: Let ¢, (X) = E[Z,|X] a.s.
Then by Fact 5.5, on(X) T ¢(X) -a.s. Put ¢ := limsup ¢,. Then by monotone

convergence

E[Zlxepy] = li}ln E[Z,I{xepy] = li}ln E[pn(X)I1xepy] = Elo(X) I xeB}]-

Lemma 5.0.3 (Projection property of conditional expectations)
Let Y be X -measurable, i.e. Y = g(X) for somey. Then

E[E[Z|X]]Y] = E[Z]Y]
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Proof: Since both sides are Y-measurable, it suffices to show (cf. Lemma 5.0.1)
E[E[Z|X] Iiyen] = E[ZI{yeny]
This, however, is true since {Y € B} = {X € g~ !(B)}. O

Lemma 5.0.4 (Taking out what is known) Assume g(X) bounded, E[|Z|] < oco.
Then E[g(X)Z|X] = g(X)E[Z|X] a.s.

Proof: Because of linearity and monotone convergence, it suffices to assume Z and
g as non-negative and bounded. Since the r.h.s. is X-measurable, it suffices to show

E[Zg(X)Iixepy] = E[E[Z|X]g(X)I{xen}])-
This, however , is valid because of Proposition 5.0.2, O

Lemma 5.0.5 (“Integrating out independent stuff”) Let X be an S-valued random
variable, and Y be an S’-valued random variable independent of X. Also, let h :

S x 8 — R with E|Jh(X,Y)| < co. Then

EM(XY)|X) = [ ACYX )y (),
where py is the distribution of Y.
Proof: For B € S,

E[h(X,Y)15(X)] = / B y)Lp(@)x © py (d(z, y))
/ ( / W, vy (dy))Lp () (d)

_ g / h(X, )y (dy) 15 (X)) =

Recall: g: R — R is conver: <=

Zg(zi)ﬂ(zi) >g (Z Ziu(zi)>

Vz1,...,2n € R and probability weights p(z1) ..., p(zn).
Lemma 5.0.6 If g is conver and E|Z| < oo, then
E[g(2)] > 9(E[Z])

and, more generally,
E[g(2)|X] = g(E[Z]X]) a.s.

Proof: We use the well-known fact that g is the countable supremum of straight
lines (see e.g D. Williams, Probability of Martingales, Cambridge University Press
1991, p.61): There exist sequences (ay) and (by,) in R such that

g(z) = sup(anz +by), z € R.

For all n, we have because of monotonicity and linearity of the conditional expec-
tation:

E[¢g(2)|X] > E[anZ + b,|X] = a,E[Z|X]+ b, as
and hence

Elg(2)|X] = sup(anE[Z]|X] + bn] = g(E[Z]X])  as
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Remark 5.0.1 Let A(X) := {{X € B}, B € S} be the o-field of events generated
by X. Then one also writes E[Z|A(X)] instead of E[Z|X].

By the way, we could also consider, as our given information, a “o-field of events”
F instead of a random variable X.

Definition 5.0.4 F is called a o-field of events : <

(i) F contains two events /\ and \/ called impossible and certain.

(ii) For all events Ay, A, ... in F, also the event

UA" = “Ay or Ay or ...” belongs to F

(i) For each event A in F, also the event A® := “not A” belongs to F.

Definition 5.0.5 A, S-valued random variable Y is F-adapted :<=> all the events
{Y € C},C €S, belong to F.

Definition 5.0.6 An F-adapted R-valued random variable Y is called conditional
expectation of Z given F <= for all events A in F,

E[Y 4] = E[Z1,).

In this case, we write
Y =FE[Z|F] as.

All results which we proved for E[Z|X] (existence, uniqueness, linearity, mono-
tonicity, ...) can easily be carried over to this framework. The “way back” from
Definition 5.0.6 to Definition 5.0.3 in case F = A(X) is provided by the following

Lemma 5.0.7 An R—valued random variable Y is A(X)-adapted iff there exists a
measurable ¢ : S — R with Y = p(X)

Proof:
a) We first prove the assertion in case Y takes only finitely many values y1, ... yk.
By assumption, there exist By,... By € S such that

{Y=y}={XeB} ,i=1,...,k
Since for i # j, the event
{XeBnNB;}={XeB}In{XeB;} ={Y =y} n{Y =y;}

is impossible, we can redefine the B,, such that they are pairwise disjoint.
Now put

() == y; forx € B; si=1,...,k
PIE=9 0 otherwise

We then have for alli =1,... k
e(X) 1y —yy = o(X)(xep,y = Yil{xep} = Yil{y=y,}-

Summing over i, we arrrive at ¢(X) =Y.
b) Now we turn to the general case. Without loss of generality we can assume
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Y >0.
Let Y,, be random variables each taking finitely many values, such that Y,, T Y.
Let ¢, be such that ¢, (X) =Y, and put
C:={zxe€8: lim g,(z)exists}
Since the event {X € C} is certain,

p:= lim p,l¢

fulfills p(X) =Y. O



Chapter 6

Martingales

6.1 Basic concepts

A martingale is a real-valued stochastic process whose conditional expectation at a
future time point, given the overall information at present time, equals its present
value.

We have to specify what we mean by the overall information at present time.

Definition 6.1.1 a) A family F := (F,)n=0,1,... of o-fields of events is called a
filtration if it is increasing, i.e.

fng]:nJrl 7”20517"'
b) A stochastic process Z = (Zp)n=o.1,... is called F-adapted if each Z, is Fp-
adapted, n =0,1,2,....
(cf. Definition 5.0.5)

Remark 6.1.1 Think of a stochastic process X = (Xo,X1,...), where Xo. n :=
(Xo,...,Xn) describes the states of the world (or at least all what you observe
about them) up to time n. Then F, := A(Xo..n) defines a filtration F and (see
Lemma 5.0.7) an R-valued process Z = (Zy,) is F-adapted iff

Zn:gn(XOn) 7”20517'-'
for some measurable gy, .
For the rest of the chapter, let (F,,) = F be a filtration.

Definition 6.1.2 An F-adapted sequence Z = (Z,,) of integrable random variables
is called an F-martingale if

EZ,1|F)=2Z, a.s.
Z is called F-supermartingale if

EZ,1|Fn) £ Z,  as.
and submartingale if (—Z,) is a supermartingale.
Remark 6.1.2 If Z is an F-martingale, then

E[Zn+1|(Zo, ey Zn)] = Zn a.s.

48
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Indeed, Z, is A(Zy,...,Zy)-adapted, and each event A € A(Zy,...,Z,) also be-
longs to F,,. Hence, for all, A € A(Zy,...,Z,),

E[Z,+114] = E[Z,14].

Definition 6.1.3 A sequence (&,)n>1 of random variables is called F-previsible :
— &, is Fn_1-adapted for allm > 1.

Lemma 6.1.1 let & be a real-valued, F-previsible process, and
Gn =Y &(Zk — Zr—1)
k=1

be integrable (n =1,2,...).

a) If (Z,,) is a martingale, then also (Gy,) is one.
b) If (Zy)is a supermartingale and &, is non-negative, n > 1, then also (G,) is a
supermartingale.

Proof:
E[Gn+1|-7:n] - Gn - E[GnJrl - Gn|-7:n] - E[€n+1(Zn+1 - Zn)|]:n]

=0 as.ina
= €n+1E[Zn+l - Zn|f] { > 0 a.s. in b))

(check which of the facts on conditional expectation we have used !)

6.2 The supermartingale convergence theorem

How often does a supermartingale (Z,,) transverse an interval [a,b] from below to
above? In any case, the tendency of (Z,) is not to go upwards. The proof of
the following estimate, which is due to Doob, relies on a simple idea: bet on the
upcrossings, and estimate the gain from below in terms of the number of upcrossings.
Since the gain process is a supermartingale (whose expectation is < 0 since it starts
in 0), this gives - under a mild additional assumption - a uniform upper bound for
the expected number of upcrossings.

Let (Z,) be a supermartingale, and fix a < b € R. Think of (Z,,) as the price of
some asset. Trade one unit of the asset (by betting on increasing Z) as soon as Z
has fallen below a, and do this as long as Z has risen above b:

51 = I{Zo<a}
En = iz,  <alU{Zn_1<bén_1=1}
G, = Z §e(Zk — Zi—1)
k=1

Let U,, denote the number of upcrossings of [a, b] till time n. Obviously, with 2~ :=
— min(z, 0),

Gn b—a)U, — (Z, —a)~
(b—a)Un = (Zn — |af)”

(b —a)Un — (Z, + la),

vV IV IV

that is,
(b—-a)U, <Gp+la|+Z,.

Since EG,, < 0 (see Lemma 6.1.1) we have
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Lemma 6.2.1 (Doob’s upcrossing inequality)

(b—a)EU, <|a|+EZ, <|a| + st;pEZ,;

If, moreover, sup, EZ, < oo, then monotone convergence implies

EU,, < oo, where Uy, :=1lim U,

Theorem 6.2.1 (Supermartingale convergence theorem,)
Let (Z,,) be a supermartingale with supEZ, < co. Then (Z,) converges a.s. to an
n

integrable random variable Z .
Proof: For all a < b € R, Lemma 6.2.1 yields

Plliminf Z,, < a,limsup Z,, > b] < P[Us = o0] = 0.
Hence

Plliminf Z,, < limsup Z,] = PJ U {liminf Z,, < a,limsup Z,, > b}]

a<b
a,b,eQ

> Plliminf Z, < a,limsup Z, > b] = 0.

a<b
a,beQ

IN

This implies
Zn — Zoo :=limsup X,, a.s.

Finally, Fatou’s lemma (see Lemma 6.2.2 below) yields

E|Zo| E[liminf|Z,|] < liminf E[|Z,|]

liminf E[Z,, +2Z,]

A

EZy +2supEZ, < oco. O

We have to append

Lemma 6.2.2 (Fatou’s lemma)
Let Y,, be non-negative random variables. Then

E[liminf Y] < liminf E[Y,,]
Proof: Since liminfY,, = lim,, inf,,>, Y, we have by monotone convergence

ElliminfV,] = UImE[inf Y,,]

n m>n

= liminf E] ir;f Y] < liminf E[Y}]

6.3 Doob’s submartingale inequalities

Let (Z,) be a non-negative submartingale. (As a prominent example, think of
Zy = |M,|, for a martingale (M,,). Indeed, by Jensen’s inequality

E[|Mpi1] [Fn] = [E[Myi|Fo]l = [Ma|  as)
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Put
Zr = max Zj
0<k<n

(the “‘current maximum” of the path up to time n).
Since Z, has an upward tendency, there is some hope for a “stochastic estimate”
of Z by Z,.
Because of
clizzzey < Znlizy>ey,
we have

cP[Z;, > c] < E[Z}1z: 5] (6.1)

It turns out that in the r.h.s. one can replace Z; by Z,. This is

Proposition 6.3.1 (Doob’s first submartingale inequality)
For ¢ >0,

Proof: Put Fj, := {Z exceeds the level ¢ for the first time at time k}
In other words,

Fy = {Zo=>c}
F, = {Zi 1<c¢Zr>ct k=1,...,n
Because of the submartingale property we have

Since I{z+>cy = Y Ik, the claim follows by summation. |
k=0
The assertion (6.2) can be rephrased as follows:

For all¢ >0, E[Z,/{Z; >c}]>c

It turns out that this provides an estimate of the 2nd moment of Z, in terms of
that of Z7*.

Lemma 6.3.1 Let X and Y be non-negative random variables with
cP[X > ] CE[YI{x>¢l],c>0. (6.3)

Then
E[X?] < 4E[Y?]. (6.4)

Proof: Without loss of generality, 0 < EX, and EY < oco. First we observe:

P[X = o0] = lim P[X > ¢] < lim 1E[Y] = 0.

c—00 c—00 C

Next we state a useful formula for the 2nd moment:
EX? = / 2¢P[X > c]de (6.5)
0
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Indeed, writing ux for the distribution of X and using Fubini’s lemma) we have

/ZC,uX de =
0

2Cl{w>c},UJX dCC)d

2¢l (g>cpde px (dx)

[
[

22 pux (dr) = EX?

|
St~ g O —g “—3

Writing p(x,yy for the joint distribution of X and Y, and using successively (6.5),
(6.3), once again Fubini, and the Cauchy-Schwarz inequality, we arrive at

EX? = /2c X>c§/2EYI{X>C}d
0

0
= //2 1{X26}y M(X,Y)(d(xuy)) de

2
O]R+

_ / 2ry pux vy (d(z,y)) = 2E[XY] < 2VEX2VEY?

2
R

Dividing by VEX? and squaring yields this assertion. O
It is now easy to prove

Theorem 6.3.1 (Doob’s L?-inequality):
If (Z,,) is a non-negative, L?-bounded submartingale, then

E[(sup Zx)?] < 4supEZ} (6.6)
k k

Moreover, (Zy) converges not only a.s. but also in LZ.

Proof: Doob’s first submartingale inequality together with Lemma 6.4 implies
(with Z* := sup Z,)

0<k<n

E(Z;)? <4EZ2 < 4supEZ}
k>0

Since Z} 1 Z* := sup Zi, (= sup Z}), (6.6) follows by monotne convergence. Because
k k

of E|Z,| < EZ2, (—=Z,) is an L'-bounded supermartingale. Hence the martingale
convergence theorem tells us that Z, converges a.s. to a randam variable Z
Because of

|Zn — Zoo| <2Z%  aus.

)

and because E(Z*)? = sup E(Z})? < oo, the L2-convergence of Z,, to Z follows
by dominated convergence. O
We have to append

Lemma 6.3.2 (Lebesgue’s dominated convergence theorem,)
If X,, — X in probability, and |X,| <Y for some integrable Y, then E| X, —X| — 0
(and a fortiori EX,, — EX).
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This is a consequence of the observation
cli}r{)lo sup E[|Xn|l{|Xn |ZC}] < cli)I{.lo E[YI{Y2¢:}]

= lim E[Y] - lim E[YI;y 4] =0

Cc— 00
(monotone convergence!) and the stronger

Lemma 6.3.3 If X,, — X in probability, and

lim supE[|Xn| I{‘anc}] = 0, (6.7)

then X is integrable, and E|X,, — X| — 0.
Proof: Let us write E[Z; A] := E[Z14].
1) First we claim that (6.7) implies
sup E| X, | < .
Indeed, choose ¢ so large that
sup E[| X, [; {| Xn| > ¢ < 1.
Then
E[Xn| = E[[Xnl; {|Xa| < c}] + E[[Xnl; {|Xa| > ¢}] <c+ 1.

2) Convergence in probability implies convergence of a suitable subsequence X, .
Hence by Fatou

E|X|=Eliminf |X,, | <liminf E|X,, | < co.

3) For given € let ¢ be so large that
E[|X,|; {|Xn| >c}] <e, neN.

and
E[[X]; {|X] <¢}] > e.

Then

ElX, - X| < E[IXn—-X[;|Xn—X|<¢]
+ E[[X[;[Xn = X| > &5 Xn| > ¢
+ E[X[[Xn - X[ =& [X]> (]
+ E[lXn| | Xn = X| = & [Xa] <
+ E[X,.;| X, - X|>¢g|X]| <]
< 3e+42cP[|X, — X| > €]
— 3 asn — 00.
Since € was arbitrary, E|X,, — X| — 0. O

Property (6.7) is important enough to be given a name.

Definition 6.3.1 A family (X;)icr of R-valued random wvariables is called uni-
formly integrable if

lim supE[|Xl- | I{|X¢\>c}] =0.
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Remark 6.3.1 The first step in the proof of Lemma 6.53.8 shows that uniform in-
tegrability implies boundedness in L*.

Lemma 6.3.4 rephrased: Convergence in probability and uniform integrability
imply L'- convergence.

(In fact, also the converse is true, see D. Williams, loc.cit, Theorem 13.7)

6.4 Stopping times

Let F = (F,) be a filtration, and F be the smallest o-field of events containing
all the F,.

Definition 6.4.1 An Ny U {oo}-valued random variable T is called an F-stopping
time: <
{IT'<n}eF, ,neNp. (6.8)

Remark 6.4.1 a) (6.8) <= {T' =n} € F, Vn € Ny,

{T <n} = O{Tzk}, and {T=n} ={T <n}nN{T <n-1}°
k=0

b) Every constant in No U {oo} is a stopping time.
¢) Together with T, T’ , also max{T,T'} and min{T, T’} are stopping times (check!)

In the sequel let T be an F-stopping time.
Definition 6.4.2

Fr={AceF:AN{T <n} e€F, Vn}
is called the (o-field of) T-past.

Definition 6.4.3 For F-adapted (X,,) and Foo-adapted X we define

XT = Z XkI{T:k}-
keNoU{oco}

Remark 6.4.2 X7 is Fr-adapted, since

n

U{Xr e Byn{T =k}
k=0

U Xk e BYn{T = k}) € Fi.
k=0

{Xr e B}n{T <n}

EFk

(In particular putting X,, := n, we see that T is Fp-adapted.)

6.5 Stopped supermartingales
Let F be a filtration, (X,,) be an F-supermartingale, and T be an F-stopping time.

Proposition 6.5.1 (Xra,) is an F-supermartingale as well.
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Proof:

TAn

Xran = Xo+ Z(Xj - Xj-1)
j=1
= Xo+ Y I (X5 — X;)

j=1
Since {T' > n} ={T < n -1} € F,_1, &n = I{p>py is a previsible process
and the claim follows from Lemma 6.1.1 b). O

Proposition 6.5.2 (Stopping theorem, baby version)
Let S, T be F-stopping times with S <T <n for some n € N. Then

Xs > E[Xp|Fs] as.
(and in particular EXg > EX7r).
Proof: Xg is Fg-adapted. Hence it suffices to show
E(X1;G] < E[Xs; G, G € Fs. (6.9)

Put Gy := GN{S =k}, k=0,...,n. Recalling that Gj, € Fj, and using Proposition
6.5.1, we infer

EX1;Gi] = [Xran; Gi) < E[X7rak; Gkl
E[X71rs; Gi] = E[Xs; Gi].

Summation over k yields (6.9). O

Theorem 6.5.1 (Stopping theorem, adult version) Let (X,) be a uniformly inte-
grable supermartingale, S and T be stopping times with S <T. Then

E[Xs] > E[X7] (6.10)

(where we put X := limsup X,,).

Proof:
a) (X7an) is a supermartingale fulfilling the requirement

supEX < o0 (6.11)
in the supermartingale convergence theorem 6.2.1. Indeed, since p(x) := —x~ is

concave and increasing, (=X ., )n>0 is again a supermartingale (check !)
Hence, because of the baby version of the stopping theorem,

E[-X,,,] > E[-X,] > —E|X,].

Together with Remark 6.3.1 this implies (6.11)
b) Because of a) and the supermartingale convergence theorem 6.2.1, lim,, oo Xpar
exists a.s. and is integrable. On {T" < oo},

lim X, 7 = Xr,
and on {T < oo},
lim X, A7 =limsup = X = X7 a.s.

n—oo n
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Hence lim,, .o Xpar = X7 a.s., and Xr is integrable.
¢) Replacing T by S in a) and b) we see that lim,,,oc Xas = Xg a.s., and Xrp is
integrable.
d) We know from Proposition 6.5.1 and the baby version of the stopping theorem
that

E[XS/\n] 2 E[XT/\n], n = 0, 1, e (612)

It remains to check that (Xgay,) and (X7a,) are uniformly integrable (the assertion
(6.10) then follows from (6.12) together with Lemma 6.6). Indeed,
E[| Xna7l; [Xnar| > ]
= E[|X7[;|Xr[> T < n] + E[|X,|; [ Xn| > T > n
E[|X7|; | X7| > o + E[|X,];]Xn| > ] — 0 as ¢ — 0,

IN

since X7 is integrable by part a), and (X,,) is uniformly integrable by
assumption. O

Example: How long does it take till in a fair coin tossing game the pattern
THTH occurs for the first time ?
Consider the following fair game: Before the first toss, a gambler enters the casino
and bets 1 Euro on tail. If she loses, she goes home, with a loss of 1 Euro. If she
wins, she bets two Furo on head. If she loses in the second toss, she goes home,
with a total loss of 1 Euro. If she wins in the second toss, she bets 4 Euro on tail.
If she then loses in the third toss, she goes home with a total loss of 1 Euro. If she
wins in the 3rd toss, she bets 8 Euro on head. If she loses in the 4th toss, she goes
home with a total loss of one Euro. If she wins in the 4th toss, the game is stopped,
and she goes home gaining 15 Euro.
Now imagine that before any new loss, a new gambler enters the casino, following
exactly the same strategy (ie. starting to bet one Euro on tail, and playing at most
4 rounds). The game is stopped when the pattern 7H7 H occurs for the first time,
i.e. at the first time when one of the gamblers wins 15 Euro.
Denote by X,, the total gain of all the gamblers (having entered so far) at time n.
Obviously (X,,) is a martingale, and | X,,| < const - n. Hence

| Xnar| < const - (n AT) < const - T.

Since P[T > m] < K™ for some K,C, we have ET < oo, and consequently
(Xnar) is uniformly integrable. Since by Proposition 6.5.1 X, A1 is a martingale,
we obtain from the stopping theorem

EXr=EX;=0
However,
Xr=15—1+43—1—(T—4)=20-T.
Hence
ET = 20.
Finally, let us consider the pattern 77 HH (instead of TH7 H). Then

X;=15—-1-1-1—(T—-4)=16—T,

hence
ET =16

Thus, although for each of the two patterns and each fixed time point n, the
probability that the pattern starts at n is 27%, the expected waiting time for the
pattern 7H7TH is larger than that for 77 HH. An intuitive explanation for this
ist that the pattern 7H7TH tends to come in clumps like (TH7ZHTH), thus, by
poetic justice, the expected waiting times between clumps should be longer.



Chapter 7

The Wiener Process

7.1 Heuristics and basics

How to scale an ordinary random walk to get a “diffusion limit” ? Consider the
increments of an ordinary random walk:

[ +1  with prob 2
Vi = { —1  with prob 3 %

Now consider n steps, and take each increment of size \/— The central limit theorem
tells us that

n b
P> %Yk € la,b)] — % /e*%d:c.

k=1 T
Next, define
( ) [nt] [nt] 1
" —Y —Y
Z k= ; Vit k
———
—N(0,1)in distribution
Hence

S™ — N(0,1) in distribution

A candidate for a limit in distribution of S™ on the space of paths would be a
C(R4,R)-valued random variable W with the properties

(i) w(
(il) W(ty — W(to),..., W(tx) — W(tg—1) independent for to < t; < ... <ty
w(

(iii)

A continuous random path W with these properties is called a standard Wiener
process.

Since joint normal (or Gaussian) distributions on R? are determined by their mean
vector and covariance matrix, the following is equivalent to (i) - (iii):
(W(t1),...,(W(tn)) has a joint normal distribution with mean zero and covariance

t+h)—W(t) N(0,h)-distributed

0) =0 a.s.

EW(tl)W(tj) = min(ti, tj)

57
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7.2 Lévy’s construction of W

Basic observation: If W is a standard Wiener process, then
Y = Yy, o= W(BER) — J(W(t1) + W(t2)) is N(0, 1 (t2 — t2)) distributed and
independent of W (t1) and W(t2). Indeed,

1 1

E[Y . LL (tl)] - tl - gtl - gtl - 07
t1 4+ to 1 1
ElY -W(t)] = e
¥ Wita) 2 S-S =0,
1 1 1
E[Y?] = —ti+-ty—t1+ =t
(V7] 1 1+ 1te 1+ 5l
= —(ta —t1).
12— 1)

Successive construction of W(2n) 0 < k < 2", k odd (inductive over n): Let
W (1) and Zan i, be independent standard normal random variables. Put

1 1 1
W(E) = QW(l) + 522071
This defines W (4 ), W(ar), W(3r). Proceed inductively by
k 1 k-1 k+1 1
Sy 2 —Zon,
Wio) = sWCELD+WESD) + o2

Put W™ := linear interpolation of the W(£),0 < k < 2". This defines a sequence
of C([0, 1], R)-valued random variables.
Let us now estimate the distance between W"~1) and W ™).

sup | W () = WD (4) |[< 27" max{|Zan | 1 0 < k < 27}

0<t<1
Since P[|Zan | > n] < 2= [we” 2 dr = /Ze™ "=, we conclude that
n
00 2'”/

o 'Vl2
P[|Zon 1| > n] < Z 2% 2 < oo,

and hence E P[3k : |Zan 1| > n] < 0.
Using the Borel Cantelli Lemma, we get

P[3ng Yn>mng: sup | WM @) —wm (@) |< 2_717“71} =1.
0<t<1

Therefore: a.s., (W) is a Cauchy sequence w.r.to uniform convergence.

Put W := a.s. limit of W) (w.r. to uniform convergence in C[0,1],R).

Claim: For all k € Nand t; < ... < tg, (W(t1),...,W(tg)) is jointly normal with
expectation 0 and covariances E[W (¢,)W (¢;)] = min(¢;, ;).

Indeed: approximate t; by dyadic rationals ¢, ;. Then, because of the a.s. uniform
convergence and the continuity of W),

W (1), W (1)) — (W (t1),..., W(ty)) as

The claim about the joint distribution of (W (t1),... W (tx)) then follows e.g. by
using characteristic functions (O.Kallenberg, Foundations of modern probability,
Springer 97, Thm.4.4).
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7.3 Quadratic variation of Wiener paths

Proposition 7.3.1 Let W be a standard Wiener process. Then

n

2
Qn = Z (W(%) - W(k — 1)) — t in probability .

Proof:

ko k-1 k k
EQ, = - — = —:—=—<t t.
Q Z <n - > max{n o< } —
Since the W(%) — W(k—;l), k =1,2,... are independent and distributed as \/LEZ7
where Z is a standard normal random variable, we have

n

VarQ, = [nt]-Var (W(l))2

= [nt]- Var(%Z)2

1 n— oo
= [nt] 5 Var Z2 =% 0.
n
The assertion now follows by Tschebyshev’s inequality. O

Corollary 7.3.1 W has a.s. “infinite total variation” on [0,t], since

k k—1 1 k k—-1\"
S —w 2 S > (v -wiEh)

k
St "

The first factor on the r.h.s. converges to oo by (uniform) continuity of W on [0, ¢],
the second factor converges to ¢ along a subsequence (n’).

t
The corollary indicates that it won’t be possible to define an integral [ &,dW,
0

naively & la Riemann-Stieltjes. Indeed, the following classical example of It6 (1942)
illustrates this with [ W,dW;.

Example 7.3.1

no= Yweh(wd-wth)

n n
i<t
k k k—1
no= Yw(w-wh)
i<t
We then have
L+ = Wkhy-W — W}
k -1\ . .
L-15 = W(ﬁ) - W(T) — t in probability
i<t
and consequently

1 t
§Wt2 —3 in probability,

1 t
I, — §Wt2 + 3 in probability.
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7.4 Intermezzo: Filtrations and stopping in con-
tinuous time

Definition 7.4.1 An increasing family F = (F;)i>0 of o-fields is called a filtration
(in continuous time).

We put ft+ = m ft, ]F+ = (Ft+)t205
s>t
Foo := the smallest o-field containing all the F;.

An R-valued random variable 7 is called an F-stopping time: <=
—={r<t}eF, t>0.
Lemma 7.4.1 7 is an F-stopping time <= {17 <t} € Fpy Vi.
Proof: “=" for all s > t,
1
T<t} = T<t+ — s
{r<t} n:tgq{ <t+-}er
Hence {1 <t} € Fiy.
‘=" {T<t}:Un{T§t—%}€]—}. U
Definition 7.4.2 For a stopping time 7, we put
Fry ={AeF: An{r <t} eF, t>0}
and call it the o-field of pre-t events.

Typical example: Let X be a process with continuous paths in R¢, F; be
the o-field generated by (X )o<s<¢, B, C some (open or closed) sets in RY. Consider
the stopping time

7:=inf{t > 0|X, € B}
(the first hitting time of B).
Then the event A := {X hits C before it hits B} belongs to Fr.

Remark 7.4.1 For 7 = a constant time s, the definition of Fr1 is consistent with
that of Fsy (check!)

Definition 7.4.3 a) A process X is callled F-adapted if Xy is Fr— adapted Vt. We
say that X is continuous if it has continuous paths.
b) An F-adapted process X with E|X;| < oo is called an F-martingale if

E[Xt+h|—7:t] = Xt a.s. , t, h Z 0.

c) A Wiener process W is called an F-Wiener process if it is F-adapted and the
increments Wi, — Wy are independent of Fy for allt > 0. (In particular, W then
is an F-martingale.)

Proposition 7.4.1 (Strong Markov property of the Wiener process, Ka. 11.11)
Let W be an F-Wiener process and T be an a.s. finite F-stopping time. Then
(Writ — Wi)e>o s again a standard Wiener process, independent of Fry.

Corollary 7.4.1 An F-Wiener process is also an F-Wiener process.

Henceforth, we will always assume that our filtration F is right continuous (i.e.
obeys F =TF).

1Here and below, the citation Ka XX.YY will refer to the book O. Kallenberg, Foundations of
Modern Probability, 2nd ed, Springer 2002.
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7.5 The Ito-integral for simple integrands

Definition 7.5.1 A random path H = (H,) is called a simple integrand : <

-1

H, = S Lty toga] (5)
0

3

E
Il

for some 0 =:ty < t1 < ... <ty and Fy, -adapted &.

Definition 7.5.2

t
/Hdes = ka(WtAtHl - Wt/\tk)-
0 k

t
Observation: G; := fHSdWS =: (H o W), is a continuous F-martingale, and
0

[G2 kat/\thrl—t/\tk /H2ds

k

t
This so-called Ito-isometry allows to define the “stochastic integral” [ H,dW, for a
0

much larger class of integrands H.
Idea: Let H = (H;) be such that

(i) H is F-adapted
¢
E[[ H2ds] < oo, t>0.
0

Approximate H by simple integrands H (™) such that

t
/H — HM)2ds] — 0.
0

¢ ¢
Then fHS(")dVVS converges in L?. The limits - denoted by [ H,dW, - constitute
0 0

a continuous F-martingale. (For proving the continuity of paths, one uses Doob’s
submartingale inequalities.)

t
One can even go beyond integrands obeying E[ [ H2ds] < oo.
0
Assume
H is F-adapted and

P[f‘Hgds cod=1 (&)

¢

By introducing stopping times 7, := inf{¢t : fods > n} we can define, with the
0

above recipe, the martingales

tATR

HydW,, t>0

(=)
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tATh

t
and put fHSdVVS := lim f H,dWs.

0 "0
This is not necessarily a martingale, but in any case a so called local martingale.

Definition 7.5.3 (M;):>0 is called a local F-martingale: <= there ezists a se-
quence of F-stopping times 1, with 7, — oo a.s. and, for allln=0,1,...,
(Minr, — Mo)i>0 is an F-martingale.

It turns out that - beside the classical integrands of bounded variation - the local
martingales are the right class of “‘stochastic integrands”. In this context, a fun-
damental role is played by the quadratic variation and covariation process of local
martingales.

7.6 Integrators of locally finite variation

Definition 7.6.1 A function a : R — R is called of locally finite variation:
< for allt > 0,

vela) = sup S Jaltisn) — altn)] < o
(tr) partition of [0,t]

Note that ¢t — v4(a) is increasing (and continuous if a is continuous). Every such a
can be uniquely written in the form

a=a"? —a), with nondecreasing a'™) and ™)

) 3

and
v(a) = al(f) +al7.

Therefore, functions of locally finite variation are just differences of incresasing
functions. But we know how to treat increasing functions as integrands, viewing
them as weight functions of measures. For measurable h : R; — R we define

/t h(s)da(s) := j h(s)da™)(s) — /t h(s)da'™)(s)
0 0 0

provided both terms on the r.h.s are finite.

¢
If [|h(s)|dvi(s) < co V¢, we say that h is locally a-integrable.
0

Example (“Absolutely continuous functions”) Consider

a(t) := /tb(s)ds

Then

vi(a) =/t|b(8)|d87 and/th(S)da(S) = /th(S)b(S)dS-
0 0 0

It turns out (and is not even difficult to prove) that there are no non-trivial
continuous local martingales of locally finite variation.

Proposition 7.6.1 (Ka 17.2)
If M is a continuous local martingale of locally finite variation, then M = My a.s.
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7.7 Continuous local martingales as integrators

The previous proposition suggests that in a calculus dealing with a local martingale
M, not only the increment dM but also the squared increment (dM)? might play a
role.

An intuitive key to the understanding of (dM)? is the follow easy

Remark 7.7.1 For a square integrable martingale M,
E[(Miyn — M) 7] = E[MZ, — 2Myn My + MZ|F)
= E[M}, — M{|F]

This says that the predicted squared increment of M is the predicted increment of
the square of M. Thus, it seems reasonable to relate (dM)? to the “predictor” of
the submartingale M? (which would be an increasing process [M] making M2 — [M]
a martingale). Indeed, this is no vain hope.

Theorem 7.7.1 (quadratic variation and covariation of continuous local martin-

gales Ka 17.5)

a) For any continuous local martingale M there exists an a.s. unique continuous
increasing process [M] with [M]o = 0 such that

M? — [M] is a local martingale.

[M] is called the quadratic vatiation (process) of M.

b) For any continuous local martingales M and N,
1
[M,N]:= 7 ([M +N]~ [M ~ NJ)

is the a.s. wunique continuous process of locally finite variation and with

[M, N]o =0 such that
MN — [M, N] is a local martingale .

[M, N] is called the covariation (process) of M and N.

The mapping (M,N) — [M, N] is a.s. symmetric and bilinear, with
[M,N] = [M — Mo, N — No| a.s.
Furthermore, for every stopping time T,
[MT,N]=[M",N"]=[M,N]" a.s.

(where M := Minr ).

The following fact sheds light on the meaning of [M] (and plays a role in the proof
of the previous theorem).

Proposition 7.7.1 (Ka 17.18) Let M be a continuous local martingale, fix any t
and consider a sequence of partitions (t) of [0,t] with mesh size — 0. Then

Z(Mtz+1 — MtZ)Q — [M];  in probability, and (7.1)
k

Z(Mtgﬂ — Myp)(Nig,, — Nep) — [M,N]; in probability.
k
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Corollary 7.7.1

XY < VIXeVIY]e  as

Remark 7.7.2 For a simple integrand H and a continuous local martingale M, we
define fo. H,dM, analogous to Definition 7.5.2. This is again a local martingale,
and its quadratic variation s

[/0. HodM,] = /0 H2d[M],.

Its covariation with a local martingale N is

[/ H,dM,, N] :/ Hyd[M, N],].
0 0
It is probably easier to recall the following differential mnemonics:

(H; dM;)? = HZ(dM;)?
H,; dM; dN; = H; dM, dN;

Definition 7.7.1 For a continuous local martingale M, we put
t

L(M) :={H : H F-adpated and [ H2d[M], < oo for all t}
0

(calling these H the locally M-integrable processes)

An elegant geometric approach to the stochastic integral is to characterize it in
terms of its covariation with all the other continuous local martingales:

Theorem 7.7.2 (stochastic integral, Ito, Kunita and Watanabe)(Ka 15.12)
For every continuous local martingale M and every process H € L(M) there exists
an a.s. unique continuous local martingale H @ M with (H ¢ M)y = 0 such that

[H.M,N]:/.Hsd[M,N]s:ZHO[M,N] a.s.

for every continuous local martingale N .

Theorem 7.7.3 (Ka 15.23) The integral H @ M is the a.s. unique linear extension
of the elementary stochastic integral such that for every t > 0 the convergence

(H? o [M]); — 0 in probability

n

implies
sup (H, e M)y — 0 in probability
0<s<t

In particular we have in the setting of Proposition 7.7.1
t
> My (Myy,, = M) —’/ Md M.
X 0

Together with (7.1) and the same reasoning as in Example 7.3.1 this shows:

Remark 7.7.3 For any continuous local martingale M,

t
M2 = M? +2/MSdMS + [M];.
0
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7.8 Stochastic calculus for continuous local semi-
martingales

Definition 7.8.1 A continuous F-semimartingale X is the sum of a continuous lo-
cal F-martingale M and a continuous F-adapted process A of locally finite variation.

By Proposition 7.6.1, the decomposition
X=M+A

is a.s. unique.
We put

L(X):= H: H is locally M-integrable and locally A-integrable}
For H € L(X), we define the stochastic integral H ¢ X as
HeX:=Heoe M-+ HeA.
For two semimartingales X = M + A, Y = N + B we put
[X,Y]=[M,N].

In particular

Proposition 7.8.1 (chain rule, Ka 17.15) Let X be a contiunous semimartingale,
and H € L(X). Then J € L(H ¢ X) iff Jo H € L(X), in which case
Je(HeX)=(JH)e X.

Proposition 7.8.2 (stopping) For any continuous semimartingale X, any process
H € L(X) and stopping time T we have a.s.

(HeX)"=HeX" = (Hljp,) e X.

The following gives one more interpretation of the covariation term [X,Y] as

the “remainder term” in the integration by parts formula (compare with Remark
7.7.3)

Theorem 7.8.1 (Integration by parts, Ka ch. 17) For any continuous semimartin-
gale X,Y we have a.s.

XY =X Yo+ XeY +YeX+[X,Y]

Theorem 7.8.2 (substitution rule, Ito’s formula, Ka 17.18)
a) Let X be a continuous semimartingale, f € C*(R),. Then

F00) = 50+ [P+ 5 [

b) Let X1,..., X% be continuous semimartingales, f € C*(R?), X = (X',..., X%).
Then

) S R, o
FX) = f(Xo)+ ) o (X )dX(+ 5 > 5o [ (X)X . XI) s,
i=1 v S Uity

4,]=
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A most prominent example is X; = (W, t):

2

0 0 190
df(Wt, t) - a—wlf(wt, t)th + a—@f(Wt, t)dt + 5 (Wt, t)dt,

o=t
0z?
since Y; = ¢ has locally finite variation, hence [Y] = 0 and (see Corollary 7.7.1)

[Y,W]=0.
It is suggestive to think of Ito’s formula as a second order Taylor expansion:

PO = 30 SN+ 5 Y 1 (X)aXiax,

(where f; denotes 8%1- f)

Example 7.8.1 For a standard Wiener process W, constant o and Xqo > 0, con-
sider the strictly positive process

1
Sy = Sy exp(cW; — 50215). (7.2)
Writing f(z) := e*, Z; := oWy — %U2t, we obtain from Itd’s formula
1
ds; = Xy dZ;+ iXtd[Z]t (7.3)

1 1
= Xy(ocdW; — 502dt + 502dt)
= XtO'th.

Hence X¢ is a local martingale. Indeed, an elementary calculation shows that

1 z? 1.2, 1 C(—z_an/Ey2 1.2
Ee"™t = e 7we’dr = e27 ! e ET ) dy = €37t
\/27rt/ \/27Tt/

Together with the independence of increments of W, this shows that X is even a
martingale (provided X is integrable). X is called geometric Brownian motion
with volatility o (and initial value Xj.)

By the way, the solution to the “stochastic differential equation” (7.3) with initial
condition Xy = xg is a.s. unique. Indeed, consider some continuous local martingale
Y with Yy = zg and

dY =YdWw.

Then Z; := % obeys, by Itd’s formula, dZ; = 0 (check!), hence Y = X a.s.

7.9 Lévy’s characterisation of W

We saw in Subsection 7.3. and 7.4 that a standard F-Wiener process W is an F-
martingale with W, = 0 and quadratic variation [W]; =t a.s. We will now prove
that each continuous local martingale M with My = 0 and [M]; = ¢ is in fact a
Wiener process. This will be achieved by analysing the process exp(iaM; + 0‘7215),
which will turn out to be a complex-valued martingale, and will help to identify the
conditional distribution of the increment M; — My, given Fy.

As a preparation, we state It6’s formula for complex-valued continuous semimartin-
gales.
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By a complex-valued continuous semimartingale we mean a process of the form
Z = X 4+ 1Y, where X and Y are real continuous semimartingales. We put

Z]:=12,Z) = [X+iY,X+iY]|=
[X]+4[X, Y] = [Y].
For Z =X +iY,K = H+4J ,H,J € L(X)N L(Y), we put
KeZ:=HeX —JeY +i(HeY +JeX)
An easy consequence of Theorem 7.5 is
Corollary 7.9.1 (Ka 17.20) Let f : C — C be differentiable, and Z be a complez-
valued continuous semimartingale. Then

7(7) = f(Zo) + F(Z) o Z 4 55"(Z) 0 [7] a5

Example 7.9.1 Let W be a standard Wiener Process. Put N, := emWer%t =: %,
Then [Z]; = —a?t, and by Ito’s formula (with f(z) = e%)

1
dN = NdZ+Nd|Z]

) a? 1 5
= N(iadW + 7dt — 3¢ dt)
= NiadW.

Hence N is a local martingale, and since
o2
sup [V, = exp(2t) < oo,
0<s<t 2

. . . ; _a?
N is even a martingale (use dominated convergence!). Thus: Ee'®Vt = ¢~ ¢,

Corollary 7.9.2 (Characteristic function of the normal distribution) For the nor-
mal distribution v with mean 0 and variance t,

) o2
/ew‘yy(dy) =e 2Tl aeR.
R

Theorem 7.9.1 (Lévy’s characterization of the Wiener process) Let M by a con-
tinuous local F-martingale with quadratic variation [M]y =t, t >0, and My = 0.
Then M s a standard F-Wiener process.

Proof: Since a distribution on R is uniquely determined by its characteristic func-
tion (Ka 4.3), it suffices to show

E[eia(Mt—Ms)|-7:s] = e—%oﬂ(t—s) a.s.
Or, in other words

E[eiaMt-i-%azq]:s] = eiaM3+%a2s a.s. (74)

OL2 . . . .
Putting L; := e®Mt+2t we infer exactly as in Example 7.1. that L is martingale,
which yields property (7.4). O
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7.10 Reweighting the probability = changing the
drift

Up to now we always considered one single probability measure P on our o-field
of events. We will now consider another probability measure @ which s “locally
absolutely continuous” with respect to P in the sense of (7.5) below. If M is a con-
tinuous local martingale under P, it is not necessarily a continuous local martingale
under . Indeed, if the “density process” of @ with respect to P has a positive
covariance with M, passing from P to @ will generate a positive drift. However,
such a “change of measure” does not affect the quadratic variation process [M].

Let’s now make things precise. Let P and ) be two probability measures on
Foo. Assume that for any t there exists a Z; such that

Q(F)=E[IzZ] , FeF. (7.5)

We then say that @ has density Z; with respect to P on F; (writing Q = Z; - P on
Fi), and call (Z;) density process of Q w.r. to P.
Since Fy C F; we have for all F' € F;

E[Z,Ir] = Q(F) = E[Z.I7).
Hence (Z;) is a martingale.

Lemma 7.10.1 (Ka 18.25, 18.26, 18.17) Let Q = Z;- P on F; for allt > 0. (That
is, assume that (7.5) holds.) Then Z is a P-martingale. Moreover, if Z is P-a.s.
continuous, then

a) an adapted continuous process X is a local Q-martingale iff X - Z is a local
P-martingale.

b) for all t > 0, iréf;Z5>O Q as

Theorem 7.10.1 (transformation of drift, Ka 18.19) Let Q = Z,P on F; for all
t > 0, and assume that Z is a.s continuous. Then for any continuous local P-
martingale M, the process

]\Z/:M—%o[M,Z]

is a local Q-martingale.

Sketch of proof:

a) If Z71 is bounded, then M is a continuous P-semimartingale, and we get

dMZ) = MdZ+Z-dM +d[M, Z)
MdZ + Z -dM — d[M, Z] + d[M, Z)

However, since Mand M differ only by a process of locally finite variation,
the last two terms cancel. Hence M Z is a continuous local P-martingale,and,
by Lemma 7.2, M is a local @-martingale.

b) In general, consider 7, := inf{t > 0: Z; < 1} and argue as in a) that M™Z
is a continuous local P-martingale. Hence every M™, and therefore also M,
is a local Q-martingale.
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Example 7.10.1 Let M be a continuous local martingale, and B € L(M).
Then Z = exp(B-M — $B?-[M]) is a continuous local martingale. Indeed, by Ito’s
formula (check!)

dZ =7ZB dM.
Assume that, for a fixed t > 0,
(Zs)o<s<t is even a martingale
(equivalent to this is
EZ, =1 (“Girsanov’s condition” )

and sufficient for this is

¢
E[exp( /B?d[M]S)] < 00 ("Novikov’s condition”))
0

N =

Then, under ) := Z; o P,

M := M — B e [M]

is a local martingale.
Indeed, by Theorem 7.10.1 it suffices to check that

1
Z.[M,Z]:Bo[M]
However,
[M,Z] = [M,ZBeM]
= ZBe[M)]

(Again, the differential abbreviation is more suggestive:

%deZ = %ZB(dM)Q = B(dM)?)

Special case: Let W be a standard Wiener process under P. Put

S S

1
Zg = exp /Buqu — §/Bids
0 0

Assume EZ; = 1. Then, under Q := Z; - P,
W, := W, — [ Bydu,
0
0<s<t,

is a local martingale with quadratic variation process [W] = [W], hence W is a
standard Wiener process by Lévy’s characterization!
This is the classical Girsanov theorem.

Remark 7.10.1 In the situation of Example 7.1, the density Z; of QQ with respect
to P on F; is strictly positive, and hence an event F' € Fy has P-probability zero iff
it has Q-probability 0. We say in this case that P and @) are equivalent probability
measures on Fi.
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7.11 A strategy for (almost) all cases

Example 7.11.1

Consider a geometric Brownian motion X with volatility o > 0 and (possibly ran-
dom) initial value X, (see Example 7.1). Let F be the filtration generated by X,
and T > 0 be a fixed time.

Task: For given (integrable) f(Xr), look for adapted processes H and G such that

dGy = HydX,

and
Gr = f(Xr)

or in other words,
f(XT) = Go + /Ht dXt a.S.

Thus we look for an initial value Gy and a “strategy” H that yields the final value
f(X7) for almost all paths X
Observe that (because of the projection property of conditional expectations)

Gt = E[f(XT)|ft], t Z O

is a martingale.
On the other hand, G; is of the form g(¢, X;). Indeed, since X1 /X; = exp(c(Wr —
W) — 302(T —t)) and W has independent increments,

Gi = Elf(X1)|F] = E[f(Xt%ft] _ gt X)) as

where )

g(t.2) = Blf (zexp(oWr— — (T = 1))

By Ito’s formula,
/ 0
g(t,Xt) O XQ /8_ S X dX +At, (76)
0

where A is of locally finite variation. Since all the other terms in (7.6) are continuous
martingales, so is A. Hence A vanishes by Proposition 7.2.
Since

9(T, Xr) = Gr = E[f(X7)|Fr] = f(X1) as.

and
9(0,X0) = Go = E[f(X7)|Xo] a.s.

we get from (7.6) (recalling that A = 0) the representation
Lo
f(X7) = E[f(X71)|X0] —I—/ %g(s,Xs)dXS a.s.
0
This gives a formula both for the required nitial value
2
o
Go = E[f(Xr)|Xo] = E[f (Xoexp(eWr — —-T))|Xo]
and the hedging strategy

0
H, = S(s, X,)
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Example 7.11.2

Let W be a standard Wiener process, and S be a geometric Brownian motion with
dSt = St g th

Let F be the filtration generated by S, and fix a constant r > 0 (think of S as a
“stock price” and r as an “interest rate”.) Let T > 0 be a fixed time.
Task: for given (integrable) h(St), look for adapted processes H and V' such that

and
Vi = h(Sr). (7.8)

Think of (V;) as the value process of a portfolio, and (H;) as trading strategy: at
time ¢, one holds H; units of the stock and puts an amount of V; — H:S; on the
savings account. This leads to an increment dV; given by (7.7). Like in Example
7.4, we look for an initial value Vj and a strategy H that yields the final value h(St)
for almost all paths S.

Consider the “discounted processes”

Xt = eirtSt (79)
and
Gy :=e "V, (7.10)
By Ito’s formula we have
dXt = efrt[dSt — St’f‘ dlf] = eiTtSt[ath -Tr dlf]
= Xt[Uth —Tdt] (711)
and
dGy = e "dV; — Vir dt]

= e_rt[thSt — HtSt’f‘ dt]
= Hte_TtSt[Uth —Tr dt]
= H,dX, (7.12)

Let @ be a probability measure equivalent to P on Fr and such that
AW = dW — Zdt
o
defines a standard Wiener process under (). Then (7.11) and 7.12) translate into
dX; = odW,. (7.13)
Moreover, the final condition for G is
Gr=e¢"TVp =e " Th(Sy) = e " h(e"" X7). (7.14)

Putting

(7.14) writes as
Gr = f(Xr). (7.15)
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Looking at example 7.11.1, we see that a solution to (7.13), (7.12), (7.15) is given
by
Gy = Eq[f (Xn)|F] = g(t, X1),

where )
—~ o
g(t,z) = Eg[f (zexp(cWp_; — 7(T —t))],
and
H; = i (t, Xy)
t = (%cg y At )
In particular,
Vo = Go = g(O, Xo) (716)

~ 2
Eq[f (Xo exp(oWr — 1)) Xl
~ 2

= Egle "h(e" Sy exp(cWr — %T))|So] a.s.

Example 7.11.3

Let the process S obey
dS; = S dYy

where Y is a continuous semimartingale with quadratic variation o?t:
dSt = O'th + dAt

Task: for given h(Sr), find adapted processes H and V such that (7.7) and (7.8)
are valid.
For X and G defined by (7.9) and (7.10), we have (compare (7.11) and (7.12))

dXt = Xt[dY;g -Tr dt] = Xt[O'th + dAt -Tr dt]

and
dGy = HydX;.

Let the probability measure ) (equivalent to P on Fr) be such that

—~ 1

dW = dW 4+ —(dA¢ — r dt)
o

defines a standard Wiener process under (). Then (7.13) is valid again, and the
formula (7.16) for H and V also provide a solution to (7.7) and (7.8). This is a

variant of the celebrated Black-Scholes formula, giving the fair price V5 and the
“replication”

T T
h(ST) =W+ / thSt +/ (‘/t — HtSt)T dt
0 0

of a claim h(St) via a self-finacing trading strategy.



